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ABSTRACT

Large-scale multi-agent networked systems are becoming more and more popular due to ap-
plications in robotics, machine learning, and signal processing. Although distributed algorithms
have been proposed for efficient computations rather than centralized computations for large data
optimization, existing algorithms are still suffering from some disadvantages such as distribution
dependency or B-connectivity assumption of switching communication graphs. This study applies
fixed point theory to analyze distributed optimization problems and to overcome existing diffi-
culties such as distribution dependency or B-connectivity assumption of switching communication
graphs. In this study, a new mathematical terminology and a new mathematical optimization
problem are defined. It is shown that the optimization problem includes centralized optimization
and distributed optimization problems over random networks. Centralized robust convex opti-
mization is defined on Hilbert spaces that is included in the defined optimization problem. An
algorithm using diminishing step size is proposed to solve the optimization problem under suitable
assumptions. Consequently, as a special case, it results in an asynchronous algorithm for solving
distributed optimization over random networks without distribution dependency or B-connectivity
assumption of random communication graphs. It is shown that the random Picard iteration or the
random Krasnoselskii-Mann iteration may be used for solving the feasibility problem of the defined
optimization. Consequently, as special cases, they result in asynchronous algorithms for solving
linear algebraic equations and average consensus over random networks without distribution de-
pendency or B-connectivity assumption of switching communication graphs. As a generalization of
the proposed algorithm for solving distributed optimization over random networks, an algorithm is
proposed for solving distributed optimization with state-dependent interactions and time-varying
topologies without B-connectivity assumption on communication graphs. So far these random al-

gorithms are special cases of stochastic discrete-time systems. It is shown that difficulties such as
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distribution dependency of random variable sequences that arise in using Lyapunov’s and LaSalle’s

methods for stability analysis of stochastic nonlinear discrete-time systems may be overcome by

means of fixed point theory.
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CHAPTER 1. INTRODUCTION

Optimization has been a backbone of many problems in machine learning, energy efficiency,
optimal control, signal processing etc. Optimization over networks has been a hot topic due to its
applications in real life problems such as large-scale building energy systems [1]. This chapter aims

at presenting motivation and contributions of this study.

1.1 Motivation of Problem

We consider an unconstrained collaborative optimization of a sum of convex functions where
agents make decisions using local information. Each agent has its own private convex cost function
that wishes to reach the minimizer of the sum of agents’ cost functions by interacting with its
neighbors, known as distributed optimization. Distributed optimization problems naturally appear
in many distributed problems such as sensor networks, power grid control, source localization,
distributed data regression [2]-[3], and large-scale building energy systems [1].

Consensus problems are long-established problems in automata theory and distributed compu-
tation [4] and management science and statistics [5]. In multi-agent networks, consensus means
reaching an agreement which depends on all agents’ states by interacting with neighbors. Motivated
by the pioneering works of Borkar & Varaiya [6] and Tsitsiklis [7] (see also [8]), many researchers
have paid much attention to consensus and distributed optimization problems [1]-[3], [9]-[134].

In most networks such as sensor networks, since nodes sometimes shut down their transmitters
to save energy, or due to existing physical obstructions which block wireless channels, the availability
of communication links in the network is typically random. Indeed, because of packet drops, link
failures, or node failures, random graphs are suitable models for these kinds of networks. As a

matter of fact, consensus problems over random networks have been a hot topic to research due
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to their applications in sensor networks [45]-[48]. Therefore, several researchers have investigated
consensus problems and distributed convex optimization problems over random networks [27]-[72].

In a synchronous protocol, all nodes activate at the same time and perform communication
updates. This protocol requires a common notion of time among the nodes. On the other hand,
in an asynchronous protocol, each node has its own concept of time defined by a local timer which
randomly triggers either by the local timer or by a message from neighboring nodes. The algorithms
guaranteed to work with no bound on the time for updates are called totally asynchronous, and
those that need B-connectivity assumption, namely there exists a bounded time interval such that
union of the graphs is strongly connected and each edge transmits a message at least once, are
called partially asynchronous (see [7] and [8, Ch. 6-7]). As the dimension of the network increases,
synchronization becomes an issue; therefore, some investigators have considered asynchronous dis-
tributed optimization problems [70]-[84], to cite a few.

In practice, state-dependent networks appear in several systems such as mobile robotic networks
(see [86] and references therein), wireless networks [87], and predator-prey interaction [88]. In
mobile robotic networks or wireless networks, the quality of the link between two agents depends
on the distance between them, resulting in state-dependent networks in reality (by considering the
position as the state). Furthermore, opinion dynamics and flocking are modeled as state-dependent
networks (see [89] and references therein). Also, the genome is viewed as a state-dependent network
[90]. As stated, state-dependent networks appear in real networks. In [91], existence of consensus
in a multi-robot network has been investigated. Since consensus problems are special cases of
distributed optimization problems, solving distributed convex optimization problems over state-
dependent networks are very important and useful. Therefore, some researcher has paid attention
to solving distributed optimization with state-dependent interactions [52] and [85].

A special case of optimization problems is solving linear algebraic equations. Linear algebraic
equations arise in modeling of many natural phenomena such as forecasting and estimation [92].

Since the processors are physically separated from each others, distributed computations to solve
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linear algebraic equations are important and useful. Several authors have proposed algorithms for
solving the problem over non-random networks [93]-[134].

The algorithms for distributed optimization over random networks are special cases of stochas-
tic systems. In these systems, almost sure and moment stability are the most popular notions of
stability [135]-[136]. Lyapunov’ direct method has been used for stability of stochastic discrete-time
systems [137]-[152]. Moreover, Lyapunov measure which is dual to Lyapunov function has been
introduced for stability analysis of stochastic discrete-time systems [153]-[154]. The converse Lya-
punov’s theorem for stochastic discrete-time systems has been studied in [155]. Recently, stochastic
version of LaSalle’s theorem has been developed for discrete-time systems [156].

As we have shown above, distributed optimization problems and stability of stochastic discrete-

time systems are important and useful in practice.

1.2 Literature Review

Consensus problems: As stated in the previous section, several researchers have investigated
consensus problems. To the best of our knowledge, in all existing results except [23] and [44],
the distribution of random interconnection topologies or B-connectivity assumption is needed. In
[23] for time-varying directed networks, the authors have improved the lengths of B-connectivity
intervals to linear grow and tend to infinity. In [44], it has been shown that if the elements of a set
of communication graphs whose union is strongly connected occur infinitely often almost surely,
then distributed average consensus occurs'. In [44], the authors consider undirected links with
Maximum-degree or Metropolis weights. In Maximum-degree weight, the number of the nodes is
required to set the weights of links, while in Metropolis weights the degrees of an agent’s neighbors
are required.

Distributed optimization with state-independent interactions: As stated in the previous section,

investigators have considered distributed optimization problems with state-independent interactions

!We mean that the authors in [44] have implicitly stated that.
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over random or non-random networks with/without asynchronous protocols. The results are based
on distribution dependency or B-connectivity assumptions of communication graphs.

Distributed optimization with state-dependent interactions: In [52] and [85], the authors have
considered distributed multi-agent optimization problems over state-dependent networks. In [52],
the authors assume that the weighted matrix of the graph is Markovian on the state variables at each
iteration. In a non-random case of the network contemplated in [52], the Markovian assumption
is not satisfied because the state-dependent weighted matrix of the graph at each iteration does
depend on previous iterations. In [85], a continuous-time system is proposed for unconstrained
optimal consensus of convex optimization problem over directed time-varying networks; the authors
assume that the weight of each link has positive lower bound. Furthermore, they assume that the
intersection of the set of optimal solutions of each agent’s cost function should be nonempty. The
continuous-time algorithm they propose needs to project each agent’s state into its optimal solution
set at each time.

Solving linear algebraic equations over networks: The linear algebraic equation considered in
this study is of the form Az = b that is solved simultaneously by m agents assumed to know only a
subset of the rows of the partitioned matrix [A, b], by using local information from their neighbors;
indeed, each agent only knows A;x; = b;,7 = 1,2,...,m, where the goal of them is to achieve
a Consensus T, = T3 = ... = &y, = & where T € {Z|T = argmin||Axz — b||}. Several authors have
proposed algorithms for solving the problem over non-random networks [93]-[119]. Other distributed
algorithms for solving linear algebraic equations have been proposed by some investigators [120]-
[134] that the problems they consider are not the same as the problem considered here. Some
approaches propose cooperative solution methods that exploit the matrix A interconnectivity and
have each node in charge of one single solution variable or a dual variable [120]-[122]. One view
of the problem is to formulate it as a constrained consensus problem over random networks and
use the result in [50]; nevertheless, the result in [50] needs each agent to use projection onto its
constraint set with some probability at each time and also needs weighted matrix of the graph to be

independent at each time. Another view of the problem is to formulate it as a distributed convex
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optimization problem over random networks and use the results in [51], [52], [54], [70]. Nevertheless,
the results in [51], [52], [54], [70] are based on subgradient descent or diminishing step size that
have slow convergence as an optimal solution is approached. Furthermore, the results in [51],
[52], [54], [70] need weighted matrix of the graph to be independent and identically distributed
(i.i.d.). Recently, the authors of [111] have proposed asynchronous algorithms for solving the linear
algebraic equation over time-varying networks where they impose B-connectivity assumption.

Stability of stochastic discrete-time systems: Although Lyapunov’s and LaSalle’s methods have
ben useful tools for stability analysis of stochastic discrete-time systems, they need distribution
dependency of random variable sequences. Lyapunov’ direct method needs stochastic parameters
to be ii.d. [137]-[144] or stochastic parameters to be Markov processes [145]-[152]. Moreover,
Lyapunov measure needs stochastic parameters to be i.i.d. [153]-[154]. The converse Lyapunov’s
theorem [155] needs random variable sequence to be an ii.d. process. LaSalle’s theorem for
stochastic discrete-time systems [156] needs stochastic parameters to be independent. Quadratic
Lyapunov functions have been useful to analyze stability of linear dynamical systems. Nevertheless,
common quadratic Lyapunov functions may not exist for stability analysis of consensus problems
in networked systems [157]. Furthermore, quadratic Lyapunov functions may not exist for stability
analysis of switched linear systems [158]-[160]. For deterministic discrete-time systems, by proving a
converse to the Banach’s fixed point theorem and using the Banach’s fixed point theorem, [161]-[162]
prove necessary and sufficient conditions for global and local exponential stability of deterministic
nonlinear systems that is locally continuously differentiable at its equilibrium point.

As we have shown above, distribution dependency or B-connectivity assumptions are the limita-
tions of existing results for stability of stochastic discrete-time systems and distributed optimization
over random networks with/without asynchronous updates. Furthermore, lower bound on nonlin-
ear weight and nonempty intersection of optimal solutions of agents cost functions are limitations of
existing works for distributed optimization with state-dependent interactions. We mention that in
practice Cucker-Smale weight [163] does not have a positive lower bound that appears in biological

networks.
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1.3 Contributions

Before working on distributed optimization problems, the author published two papers [164]
and [165] on applications of fized point theory to overcome the fundamental difficulties mentioned
in [164] which arise in using Lyapunov’s and LaSalle’s methods for stability analysis of time-varying
systems with time delay. Here, our contribution in this study is a new perspective on distributed
optimization by using the mathematical theory of random maps. We show that by applying fixed
point theory, we are able to overcome the limitations of existing results for packet drops, synchrony,
and state-dependent weights in distributed optimization. We state our proposed approaches in the
remaining paragraphs.

Consensus problems: We consider the consensus problem over random networks. We show that
this problem is to find a fized value point of the random operator formed from the random weighted
graph matrices. We assume that the random weighted graph matrices are doubly stochastic for
all possible graphs. This assumption allows us to discard the distribution of random interconnec-
tion topologies. Consequently, this formulation includes asynchronous updates or/and unreliable
communication protocols. Furthermore, this framework does not need distribution of random in-
terconnection topologies or B-connectivity assumptions. Wireless sensor networks motivates this
framework since interference among the sensors communication correlates the links’ failures over
probability space or time. We show that the random Krasnoselskii-Mann iterative algorithm con-
verges almost surely and in mean square to the average consensus of initial states of the agents.
We also show that the agents interact among themselves to approach the consensus subspace in
such a way that the projection of their states onto consensus subspace at each time is equal to
the average consensus of their initial states. Moreover, the algorithm is able to converge even if
the interconnection weighted matrix is periodic and irreducible. We should mention that existing
discrete-time algorithms for consensus problems are the algorithm proposed by Tsitsiklis [7] and
its generalizations to random cases; this algorithm is in fact the Picard iteration.

Distributed optimization with state-independent interactions: We consider the problem of un-

constrained distributed convex optimization over random networks. We approach the problem
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using a random operator formed from the random weighted graph matrices. We show that the dis-
tributed optimization problem can be formulated as minimization of a convex function over the set
of fixed value points of the random operator. Since the random operator is nonexpansive, we define
a mathematical optimization problem, namely minimization of a convex function over the set of
fixed value points of a nonexpansive random operator, which includes the distributed optimization
problem as a special case. The definition of fixed value point is a bridge from deterministic analysis
to random analysis of the algorithm. With the help of fixed value point set and nonexpansivity
property of the random operator, we are able to extend deterministic tools to random cases to
prove boundedness, convergence to the feasible set, and convergence to the optimal solution of
the generated sequence. This is very useful because we are able to analyze random processes by
using extended deterministic tools. We propose a discrete-time algorithm using diminishing step
size for almost sure and in mean square convergences to the optimal solution of the mathematical
optimization problem. This framework does not need any assumption on distribution of random
interconnection graphs. The proposed algorithm is also able to reach the optimal solution under
asynchronous updates. Our algorithm is not comparable to existing algorithms since they need
i.i.d. or B-connectivity assumptions.

Distributed optimization with state-dependent interactions: We consider an unconstrained dis-
tributed convex optimization problem over time-varying networks with state-dependent interac-
tions. The union of graphs which occur infinitely often is assumed to be strongly connected, and
the weights depend on the states continuously for each graph. We propose a framework for model-
ing multi-agent optimization problems over state-dependent networks with time-varying topologies,
i.e., the minimization of sum of convex functions over the intersection of fixed point sets of opera-
tors constructed. We assume that each agent’s cost function is strongly convex with Lipschitzian
gradient and that weighted graph matrix of the network is doubly stochastic with respect to state
variables at each time. We propose a gradient-based discrete-time algorithm using diminishing
step size for converging to the optimal solution of the problem. Our algorithm does not require

the weights to have positive lower bounds. This allows us to consider Cucker-Smale weights [163].
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To the best of our knowledge, in contrast to existing results, our algorithm does not require B-
connectivity assumption for convergence. Therefore, our results are not comparable with existing
results even in state-independent case.

Solving linear algebraic equations over networks: Several authors in the literature have con-
sidered solving linear algebraic equations over switching networks with B-connectivity assumption
such as [111]. However, B-connectivity assumption is not guaranteed to be satisfied for random
networks. We formulate this problem such that this formulation does not need the distribution of
random communication graphs or B-connectivity assumption if the weighted matrix of the graph
is doubly stochastic. Thus this formulation includes asynchronous updates or unreliable commu-
nication protocols. We assume that the set S = {z| mxin |Az — b|| = 0} is nonempty. Since the
Picard iterative algorithm may not converge, we apply the random Krasnoselskii-Mann iterative
algorithm for converging almost surely and in mean square to a point in § for any matrices A and b
and any initial conditions. The proposed algorithm, like that of [111], requires that whole solution
vector is computed and exchanged by each node over a network. Based on initial conditions of
agents’ states, we show that the limit point to which the agents’ states converge is determined by
the unique solution of a feasible convex optimization problem independent from the distribution of
random communication graphs.

Stability of stochastic discrete-time systems: We apply fixed point theory to stability analysis
of stochastic nonlinear discrete-time systems to overcome difficulties that arise in using Lyapunov’s

and LaSalle’s approaches such as distribution dependency of random variable sequences.

1.4 Outline of Thesis

The outline of thesis is as follows. In Chapter 2, review of relevant fixed point theory is
given. In Chapter 3, a new optimization problem and its special cases such as robust convex
optimization and distributed optimization over random networks are given. Furthermore, two
frameworks for distributed optimization over state-dependent networks with/without switching

topologies are presented. In Chapter 4, an algorithm for solving the optimization problem defined in
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Chapter 3, and its application to distributed optimization, is presented. In Chapter 5, solving linear
algebraic equations, and its special case consensus problems, over random networks is considered.
In Chapter 6, a generalization of the proposed algorithm to solve distributed optimization with
state-dependent interactions and time-varying topologies is given. In Chapter 7, applied fixed
point theory to stability analysis of stochastic discrete-time systems is presented. In Chapter 8,

conclusions and future works are given.
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CHAPTER 2. REVIEW OF RELEVANT FIXED POINT THEORY

In this chapter, we give relevant fixed point theorems and iterations that we use for our results.
Before doing so, we present a history of relevant results. The following brief history of fixed point
theory has been mentioned in [166].

The idea of fixed point of an operator was first flashed in the mind of Cauchy while dealing
with the existence and uniqueness of solution of certain differential equation and by this notion,
a new light in the research arena appeared as Fixed Point Theory. This has two-fold-valuation—
one from the classical analysis point of view, and the other is its application on many branches of
sciences and economics.

After Cauchy, R. Lipschitz simplified Cauchy’s proof in 1877 (1876 in [167]) using Lipschitz
condition, and G. Peano proved a deeper result in 1890 which relates mostly to the modern fixed
point theory. In the same year Picard applied this method to ordinary and partial differential
equations. In 1886, Poincaré proved a fixed point theorem for a continuous self-mapping f on R"
satisfying condition f(z) + ax = r,||z|| = r,Vz € R", for some r > 0 and for every a > 0. This
theorem was rediscovered by P. Bohl in 1904. For a long period of time, this branch remained
suppressed until it was redeemed and re-cultivated by the Dutch mathematician L. E. J. Brouwer
who put this branch of mathematics in the front line of the research arena. In 1912 (1910 in [167]),
he proved the well-known Brouwer fixed point theorem for a continuous self-map on a closed unit
ball in R™.

In 1922, S. Banach launched in this field with a new concept of mapping called contraction
mapping and showed that a contraction self-mapping on a complete metric space has a unique
fixed point. In 1930, R. Caccioppoli remarked on Banach contraction principle that the contraction
condition may be replaced by the assumption of the convergence of the sequence of iterates, which

led to open another direction of studying fixed point theory, known as approximation of fixed point
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of an operator. So, to speak on iterative sequence, the Picard iterative scheme has a wide range
of applications in different branches of sciences. Nevertheless, it has found to have some crucial
drawback that the iterative sequence obtained by this method may not always converge, which was
pointed out and rectified by W. R. Mann in 1953 by introducing a new type of iteration scheme,
called the Mann iterative process. In 1930, J. Schauder obtained the result for existing a fixed point
for a continuous mapping on a Banach space. Under the assumption of the Schauder theorem, there
was no method for approximating a fixed point of a mapping. However, Krasnoselskii showed in
1955 that a special type of iterative sequence converges to a fixed point of a nonexpansive mapping
on a uniformly convex Banach space.

It is assumed that the reader is familiar with usual concepts of topological and metric spaces
or is referred to [168]. Now we present relevant fixed point theorems and iterations in the following

sections, respectively.

2.1 Relevant Fixed Point Theorems

Before we presents theorems, we need to give some definitions.

Definition 2.1: Let the operator T': X — X be a self map. A x € X is said to be a fized
point of T if T'(x) = x, and Fiz(T) denotes the set of all fixed points of T'.

Definition 2.2 [167]: A topological space X is said to possess fized point property if every
continuous mapping of X into X has a fixed point.

Definition 2.3 [167]: Let T be a mapping of a metric space M = (X, p) into M. T is called

contraction mapping if there exists a number 7 such that 0 < x < 1 and

p(Tx, Ty) < rp(x,y).

Definition 2.4: Let H = (&, ||.||%) with inner product < .,. > be a real Hilbert space. A self

map operator H : H — H is said to be nonezpansive if for any z,y € dom(H) we have

1H(z) = H(y)lln < [l =yl
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Definition 2.5: The map T : H — H is said to be firmly nonexpansive if for each x,y € H,
IT(x) = T)|F << T(z) = T(y),z —y >.

Remark 2.1 [169]: ¢ : H — H is a firmly nonexpansive mapping if 7' : H — H is a

nonexpansive mapping where
Bla) = 5o +T(@)).
Moreover, every firmly nonexpansive mapping is nonexpansive by Cauchy—Schwarz inequality.

Let (2*,0) be a measurable space (o-sigma algebra) and C' be a nonempty subset of a metric
space M. A mapping x : Q* — M is measurable if =1 (U) € o for each open subset U of M. The
mapping 7" : Q*xC — M is a random mayp if for each fixed z € C, the mapping T'(., z) : @* — M
is measurable, and it is continuous if for each w* € Q* the mapping T'(w*,.) : C — M is
continuous.

Definition 2.6 [170]: A measurable mapping x : Q* — M is a random fized point of the
random map T : Q* x C — M if T(w*, z(w*)) = z(w*) for each w* € Q*.

Definition 2.7 [170]: Let C' be a nonempty subset of a metric space M and T : Q* x C — C
be a random map. The map T is said to be contraction random operator if for each w* € Q* and

for arbitrary z,y € C' we have
p(T(w*, z), T(w",y)) < kp(z,y), 0<k <L

Definition 2.8 [170]: Let C' be a nonempty subset of a real Hilbert space H and T': Q* x C' —»
C be a random map. The map T is said to be nonexpansive random operator if for each w* € Q*

and for arbitrary x,y € C we have
17w, z) = T(w*, y)ln < llz = ylln

Definition 2.8 [170]: Let C be a nonempty subset of a real Hilbert space H and T': Q* x C' —»
C be a random map. The map T is said to be firmly nonexpansive random operator if for each

w* € Q* and for arbitrary x,y € C we have

(g 7w, y)lI7 << T(W",2) = T(w",y),2 —y >.
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Now we present the relevant fixed point theorems.

Theorem 2.1 [167] (The Brouwer fized point theorem): Every compact convex non-empty
subset of R™ has the fixed point property.

The following theorem is in fact equivalent to the Brouwer fixed point theorem.

Theorem 2.2 [167]: B" has the fixed point property.

Theorem 2.3 [167] (The Banach Fized Point Theorem): Any contraction mapping of a com-

plete non-empty metric space M into itself has a unique fixed point.

2.2 Relevant Fixed Point Iterations

The Picard iterative algorithm: The Picard iteration for finding a fixed point of an operator
T(x) is

Tpy1 = T(zn), ne NU{O0}. (2.1)

The Krasnoselskii-Mann iterative algorithm [171]-[172]: The Krasnoselskii-Mann iteration for

finding a fixed point of an operator T'(z) is
Tyl = (1 —ap)zn + 0 T(xy), ne NU{0}, (2.2)

where a,, € [0, 1].
The Picard iteration may not always converge when 7T'(z) is nonexpansive on a real Hilbert
space ‘H. For example, consider T'(z) := —x,z € R. However, Krasnoselskii [171] proved that

Algorithm (2.2) when a,, = % always converges to a fixed point of a nonexpansive mapping on H.
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CHAPTER 3. TWO FRAMEWORKS FOR OPTIMIZATION

In this chapter, we define a new mathematical terminology called fixzed value point and use it
to define a new mathematical optimization framework. The framework includes centralized convex
optimization, centralized robust convex optimization, and distributed convex optimization over
random networks. Then we give a framework for distributed optimization problem with state-
dependent interactions. The reader is assumed to be familiar with convex optimization concepts
or is referred to [173].

Now we give the following definition.

Definition 3.1: If there exists a point & € M where & = T'(w*, Z) for all w* € Q*, we call it
fized value point, and F'V P(T) represents the set of all fixed value points of 7T

Remark 3.1: A random mapping may have a random fixed point but may not have a fixed
value point. For instance, if Q* = {H,G} and T(H,z(H)) = 1,T(G,z(G)) = 0, then the random
variable z(H) = 1,2(G) = 0 is a random fixed point of 7. However, T' does not have any fixed
value point.

Remark 3.2: A fixed value point of a nonexpansive random mapping is a common fixed point
of a family of nonexpansive non-random mappings T'(w*,.) for each w*. We refer the interested
reader to [174]-[176] for existence theorems for a common fixed point of nonexpansive non-random

mappings.

3.1 A Framework for Convex Optimization

Let H be a real Hilbert space. Given a convex function f : H — R and a nonexpansive random
mapping T : Q* x H — H, the problem is to find z* € argminf(z) such that z* is a fixed value
x

point of T'(w*, x), i.e., we have the following minimization problem
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min f(zx)
* (3.1)
subject to x € FVP(T)

where F'V P(T) is the set of fixed value points of the random operator T'(w*, z) (see Definition 3.1).
We assume that the problem is feasible, namely FV P(T) # (.

The following preposition is a corollary of Preposition 5.3 in [177].

Preposition 3.1: Let C be a closed and convex subset of a real Hilbert space H. If T': C' — C
is nonexpansive, then the fixed point set of T' is closed and convex.

Remark 3.3: From Preposition 3.1, the fixed point set of a nonexpansive non-random mapping
T : Q" x C — C where C is a closed convex set, for each w*, is a closed convex set. It is
known that the intersection of closed convex sets (finite, countable, or uncountable) is closed and
convex. Since, by Remark 3.2, fixed value points set of a nonexpansive random operator T'(w*, z)
is the intersection of fixed points set of nonexpansive non-random mappings 7'(w*, x) for each fixed
w* € O ie, FVP(T) =

wreq- Fiz(T(w*,x)), we have that F'VP(T) is a closed convex set.

Therefore, Problem (3.1) is a convex optimization problem.

3.1.1 Application to Centralized Convex Optimization

Unconstrained optimization problem, i.e., H&in f(z), is included in the framework (3.1). In this
case, the constraint set is x = x, or « € Fiiz(T) where T'(x) := x. It is easy to check that T'(z) := =
is nonexpansive. Moreover, constrained optimization problems are included in the framework (3.1).
In this case, the constraint set is z = Pc(z) where C is a closed convex constraint set, and Pc(z)

is the projection map onto C'. It is known that T'(x) := Pc(z) is nonexpansive.

3.1.2 Application to Centralized Robust Convex Optimization

Robust convex optimization has been investigated on Euclidean spaces [178]-[203]. In this
subsection, we define centralized robust convex optimization (CRCO) on real Hilbert spaces. CRCO

on H is in general of the form
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min flx
zeC ( ) (3'2)

subject to g(z,w") < 0,Vw* € Q,

where C' is a nonempty closed convex subset of H, f : H — R is a convex function, g(z,.) :
Q* — R is measurable for each fixed z € H, g(.,w*) : H — R is a convex function for each fixed
w* € O, and the uncertainty w* enters into the constraint function g(x,w*). Assume the problem
is feasible, i.e., there exists an x* € C such that g(z*,w*) < 0,Vw* € Q.

The constraint set of (3.2), ie., {z|]z € C,g(z,w*) < 0,Vw* € Q*}, can be converted to
{z|r = PI(w*, x),Vw* € Q*} where PI(w*, ) is the projection onto the closed convex set {z|z €
C,g(z,w*) < 0} for each fixed w* € Q*. The constraint set of the CRCO problem (3.2) is in fact

x € FVP(PY). Therefore, (3.2) is equivalent to

min f(x)
g (3.3)

subject to x € FVP(PY).

Since the projection operator PY(w*, x) is nonexpansive, (3.1) includes (3.3) as a special case.

3.1.3 Application to Distributed Convex Optimization over Random Networks

In this subsection, we define the distributed convex optimization problem over random networks.

A network of m nodes labeled by the set V = {1,2,...,m} is considered. The topology of the
interconnections among nodes is not fixed but defined by a set of graphs G(w*) = (V, £(w*)) where
E(w*) is the ordered edge set E(w*) € V x V and w* € QF where Q" is the set of all possible
communication graphs, i.e., Q* = {G1,Ga,...,Gy}. We write N (w*)/N24(w*) for the labels of
agent i’s in/out neighbors at graph G(w*) so that there is an arc in G(w*) from vertex j/i to
vertex i/j only if agent i receives/sends information from/to agent j. We write N;(w*) when
N (w*) = NPt (w*). We assume that there are no self-looped arcs in the communication graphs.

We define the weighted graph matrix W(w*) = [W;;(w*)] with Wij(w*) = a;;(w*) for j €
Nin(w*) U {i}, and Wj;(w*) = 0 otherwise, where a;;(w*) > 0 is the scalar constant weight that

agelit-i-assigns-to-the-information x; received from agent j. For instance, if W(Gy) = I, for
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some 1 < k < N, implies that there are no edges in Gy, or/and all nodes are not activated for
communication updates in asynchronous protocol or both.

Now we define the distributed convex optimization problem as follows: for each node ¢ € V, we
associate a private convex cost function f; : " — R which is known to node i. The objective of
each agent is to collaboratively seek the solution of the following optimization problem using local

information exchange with the neighbors and switching communication topologies:
m
min » _ f;(z)
i=1

where z € R". We assume that there is no communication delay or noise in delivering a message
from agent j to agent 1.
The full formulation of the above problem is as follows:

Problem 3.1: The distributed convex optimization is formulated as

min f@) = filw)
i=1 (3.4)
subject to x1 =22 =... =,

where x = [:c{, eyl Tz € R0 = 1,2,...,m, f; : R* — R is a private cost function known to
node %, and the constraint is achieved through random graph interactions.

Remark 3.4: The set C = {o € R™"|z; = xj,1 < 4,7 < m,x; € R"} is known as consensus
subspace.

Now we impose the following assumptions.

Assumption 3.1: The weighted graph matrix W(w*) is doubly stochastic for each w* € Q*,
ie.,

i) Zje/\/;"(w*)u{i} Wij(w*)=1,i=1,2,...,m,

i1) ZjeMout(w*)U{i} Wij(w*) =1,i=1,2,...,m.

Note that any network with undirected links satisfies Assumption 3.1.

Assumption 3.2: The union of all of the graphs in Q* is strongly connected.

Now we give the following lemma regarding Assumption 3.2.
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Lemma 3.1: The union of all of the graphs in % is strongly connected if and only if
Re[A2(3 0 cq- Im — W(w™)))] > 0.

Proof: Since the union of all of the graphs is strongly connected, the matrix }_ . q. W(w")
is irreducible. Therefore, according to Perron-Frobenius theorem for irreducible matrices, it has
a unique positive real largest eigenvalue. Since, by Assumption 3.1, W(w*),Vw* € Q*, is dou-
bly stochastic, the unique largest eigenvalue of the matrix > ..o W(w*) is A* = N. Thus
Re[A2(> - cqIm — W(w?")))] > 0. Conversely, we prove it by contradiction. Assume that the
union of all of the graphs is not strongly connected. It is well-known that there exists a permuta-

tion matrix P such that
A B

P( Y WW))P" = :
w*EN* 0 C

where A and C' are square matrices. Therefore, spec(}_, - cq« W(w*)) = spec(A) U spec(C). From
Assumption 3.1, all columns of A has summation equal to N, and all rows of C have summation
equal to N. Therefore, the eigenvalue A = N has multiplicity 2 in spec(}" ..« W(w*)) which is a
contradiction. Thus the proof is complete.

Assumption 3.2 ensures that the information sent from each node will be finally obtained by
every other node through a directed path. Now, Problem 3.1 with Assumptions 3.1 and 3.2 can be

reformulated as the following problem.

Problem 3.2: Problem 3.1 under Assumptions 3.1 and 3.2 can be formulated as

m

min flx) = filzi)
i=1 (3.5)

subject to W (w")z = z,Vw* € QF,
where W(w*) = W(w*) @ I,,,w* € Q*.
Now we show that Problems 3.1 and 3.2 are equivalent. We obtain from W (w*)z = z,Vw* € Q*
that

(I — W(w*))z = 0,Vw* € QF,
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which implies that

Now we have

where

A= (I = W(wH).

wreN*

A has the following properties: the summation of all rows are equal to zero; the diagonal elements

are non-negative; the off-diagonal elements are non-positive. Therefore, A has the Laplacian matrix

structure. Since Re[A2(A)] > 0 (see the proof of Lemma 3.1), (3.6) implies that 21 = 22 = ... = 2.

Therefore, Problems 3.1 and 3.2 are equivalent.

Although double-stochasticity is restrictive in distributed setting [204], we show that Assump-

tion 3.1 allows us to remove the distribution of random interconnection graphs. Now we show that

the random operator T'(w*, z) := W (w*)z with Assumption 3.1 is nonexpansive in the Hilbert space

H = (R™||.||2). For arbitrary =,y € R™", we have
1T (W, 2) = T(w* y)llz = [W(w)z = W(w )yl
= [W(w")(z = y)]2
< [W(wHll2llz = yll2-

Now we have the following lemma.

Lemma 3.2 [205]: Let W € R™*™. Then ||[W|2 < /[|W]1]|W]|co-

By Assumption 3.1 and Lemma 3.2, we obtain ||V (w*)|j2 < 1,Vw* € 2*. Thus we have

1T (w,2) = T y)ll2 < [W(w)2llz = yll2

< lz =yl
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which implies that T is nonexpasnive.

Now we give the following definition.

Definition 3.2: Given a weighted graph matrix W(w*), we call T(w*, x) := W (w*)x, w* € QF,
weighted random operator of the graph. Similarly, for non-random case, we call T'(xz) := Wx
weighted operator of the graph.

Remark 3.5: We show that since weighted random operator of the graph has nonexpansiv-
ity property in the Hilbert space H = (R™",]|.||]2), any assumption on distribution of random
communication topologies is not needed.

Remark 3.6: Consensus subspace is in fact the fixed value points set of weighted random
operator of the graph with Assumption 3.2, i.e., C = FV P(T).

To conclude, we have shown that Problem 3.2 is a special case of (3.1) where T'(w*,x) =

W (w*)x.

3.2 A Framework for Distributed Convex Optimization with State-Dependent

Interactions

Before we give a framework for distributed optimization with state-dependent interactions, we
clarify that existing frameworks cannot be applied for this problem.

Fast Lipschitz Optimization has been introduced as a powerful method to capture the unique
solution of convex or non-convex optimization problems [206]-[208]. If W does not depend on the
states, i.e., the case of state-independent weighted graphs, the condition |[W]| < 1 is not satisfied
for our problem because ||[W|2 = 1; in fact, this condition makes the operator T'(z) := Wz a
contraction, and the feasible set will be a unique point (see Theorem 2.3) instead of the set C.
Therefore, the results given in [206]-[208] cannot not be applied here.

Convex minimization over fixed point set of a nonexpansive mapping has been studies in [209]
and references therein. This method has been usefully applied to signal processing, inverse problem,
network bandwidth allocation and so on [210]-[214]. If W does not depend on the states, we have

shown that the operator T'(z) := Wx is a nonexpansive mapping with Assumption 3.1. For any
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W (z), the operator T' may not be a nonexpansive mapping. Therefore, the results given in [209] and
references therein cannot be applied here. Similarly, the proposed framework in the previous section
for non-random case cannot be applied here. Note that the framework of minimization over fixed
point set of nonexpansive mapping considered in [209] and references therein includes the centralized
convex optimization in Subsection 3.1.1 but does not include the problems in Subsections 3.1.2 and
3.1.3.

Similar to the previous subsection, distributed optimization with state-dependent interactions

can be formulated as

i=1 (3.8)

subject to W(z)z =«
where W(z) = W(z) ® I,, and W(z) = [W;j(x;, z;)] is the state-dependent weighted matrix of the
graph satisfying the following assumptions.

Assumption 3.3: The weights W;; : " xR" — [0, 1] are continuous, and the state-dependent
weighted matrix of the graph is doubly stochastic, i.e.,

i) Zje/\fj”u{i} Wij(zi,z5) =1,i=1,2,...,m,

ii) Zje‘/\/'ioutu{i} Wij(xi,x5) =1,5 =1,2,...,m.

Assumption 3.4: The graph is strongly connected for all x € R™".

Assumptions 3.3 and 3.4 ensure the connectivity of the graph, and that the information sent
from each node will be finally obtained by every other node through a path. Note that Assumption
3.3 when applied to state-dependent weights would require undirected connections, and directed
graphs are allowed in the special case of state-independent weights.

Now we show that the only solution of W (x)z = 2 with Assumptions 3.3 and 3.4 is x1 = x93 =

.. = Ty, i.e., the consensus subspace. Assume a 7 = [#7,71, ..., 2|7 which satisfies W (%)% = 7.
Since the summation of rows of W(Z) — I,,, is zero, the matrix W(Z) — I, has an eigenvalue
zero; moreover, since the graph is strongly connected, this eigenvalue is unique. According to

Assumptions 3.3 and 3.4, W (Z) has some nonzero elements. Therefore, £ must be in the null space
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of W(&) — I, which implies 1 = &2 = ... = Z,. Therefore, the only solution of W (z)x = = with
Assumptions 3.3 and 3.4 is 1 = x5 = ... = Zpp.

Note that from Assumption 3.3 and Lemma 3.2, we have that ||[W(z)|2 < 1,Vx € R™". The
Hilbert space considered here is H = (R™", ||.||2)-

Now, we introduce a framework for modeling multi-agent optimization problems.

Problem given by (3.8) with Assumptions 3.3 and 3.4 can be reformulated as

m
min fa) =" filw)
i=1 (3.9)

subject to x € Fiz(T)

where T'(z) := W (z)x. We obtain [|T'(z)[|2 < ||[W(x)|l2||z|l2 < ||z|2; in fact, the operator T' maps
every closed ball B™" into itself. Thus, according to Theorem 2.2, we can guarantee that there
exists a fixed point of T, i.e., there exists a point Z such that & = W (&) which is the same as the
constraint W(x)z = x.

Now we generalize the framework (3.9) to distributed optimization with state-dependent inter-
actions and time-varying topologies.

The topology of the network is represented by G, = (V,&,) at time n € N U {0} with the
ordered edge set &, C V x V. Let consider the set G = {G, : n € N U{0}}. Since m € N, the
cardinality of G, namely |G| = N, is finite.

Now we impose the following assumptions.

Assumption 3.5: For each G € G, the weights W;;(G) : R" x R" — [0, 1] are continuous, and
the state-dependent weighted matrix of the graph is doubly stochastic, i.e.,

i) ZjeMinu{i} Wij(zi,25,G) =1,i=1,2,...,m,

i) Y jenrotogy W@ 25,G) = 1,5 = 1,2, .,m.

Assumption 3.6: The union of the graphs in G is strongly connected for all x € R™".

Now we give the following lemma regarding Assumption 3.6.

Lemma 3.3: The union of the graphs in G is strongly connected for all z € R™" if and only if

Re[A2(D geg(Im —W(z,G)))] > 0 for all x € R™".
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Proof: Since the union of all of the graphs is strongly connected for all x € R™", the matrix
> gea W(x,G) is irreducible for all x € R®™". Therefore, according to Perron-Frobenius theorem
for irreducible matrices, it has a unique positive real largest eigenvalue for each x € R™". Since, by
Assumption 3.5, W(z,G),VG € G,Vx € R™", is doubly stochastic, the unique largest eigenvalue of
the matrix ) oo W(z,G) is X*(z) = N. Thus Re[A2(D geqg(Um — W(x,G)))] > 0. Now we prove
the opposite direction. We prove it by contradiction. Assume that the union of all of the graphs
in G is not strongly connected for all x € ™", It is well-known that there exists a permutation

matrix P such that for some z € ™"

A B
P(Y_W(&,6)P" = ,
Ge@ 0o C

where A and C' are square matrices. Therefore, spec(d gcq W(%,G)) = spec(A) U spec(C). From
Assumption 3.5, all columns of A has summation equal to N, and all rows of C' has summation
equal to N. Therefore, the eigenvalue A\ = N has multiplicity 2 in spec(d gee W(Z,G)) which is a
contradiction. Thus the proof is complete.

Now we show that the only solution of W (z,G)z = z,VG € G, with Assumptions 3.5 and 3.6 is

the constraint 1 = 29 = ... = Ty,

We obtain from W(z,G)z = z,VG € G, that
(Imn - W((L’, g))m =0,vg € G,

which implies that

> Inn — W(z,6))z = 0. (3.10)
GeG
Now we have

Z(Imn -W(z,9)) = Z((Im -~ W(z,09)) ® 1)

GeG geG

= (l') & Ina

where
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A(x) has the following properties: the summation of all rows are equal to zero; the diagonal elements
are non-negative; the off-diagonal elements are non-positive for all x € ®™". Therefore, A(x) has
the Laplacian matrix structure. Since Re[A2(A(z))] > 0,V € R™", (see the proof of Lemma 3.3),
(3.10) implies that 21 = 29 = ... = xp,.

Therefore, distributed convex optimization with state-dependent interactions and time-varying

topologies with Assumptions 3.5 and 3.6 can be formulated as

T

min f(z) = Zfl(a;,)
im1 (3.11)

subject to W(z,G)z =2. VGG
In the remaining part of this section, we introduce a framework for modeling multi-agent opti-
mization problems.

Problem stated by (3.11) can be reformulated as

min flx) = Zfl(xl)
i=1

T

(3.12)
subject to z € ﬂ Fix(T(x,G))
ge@

where T'(z,G) := W (z,G)x.
Definition 3.3: We call T'(z) := W(z)z state-dependent weighted operator of the graph.
Remark 3.7: The consensus subspace C (see Remark 3.4) is the intersection of fixed points
sets of state-dependent weighted operators of the graphs with Assumption 3.6, i.e.,

C= () Fiz(T(z,0)).

Gea@
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CHAPTER 4. ALGORITHMS TO SOLVE THE OPTIMIZATION

In this chapter, we propose an algorithm, in the first section, to solve the optimization problem
(3.1). An application of the algorithm is to solve distributed convex optimization over random
networks with/without asynchronous protocols. In the later sections, we show that the random
Picard and the random Krasnoselskii-Mann iterations are useful to solve feasibility problem of (3.1)
under suitable assumptions.

Before we present the algorithm, we need to give some definitions needed for the next section.
For simplicity, we write ||.|| = ||.|| in this chapter.

Definition 4.1: An operator A : H — H is said to be monotone if
<xz—vy,Ar — Ay >>0

for all x,y € H.

Definition 4.2: A:H — H is called £-strongly monotone if
<w—y,Ax — Ay >> &z -yl

for all x,y € H.
Remark 4.1: A function is &-strongly convex if its gradient is £-strongly monotone.
Definition 4.3: A mapping A : H — H is said to be K-Lipschitz continuous if there exists a
K > 0 such that
[Az — Ay|| < K|z -y

for all x,y € H.

Definition 4.4: A sequence of random variables x,, is said to converge pointwise (surely) to x

if for every w € Q

lim_[|a(w) — (@) = 0.
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Definition 4.5: A sequence of random variables x, is said to converge almost surely to x if

there exists a subset © C Q such that Pr(0) =0, and for every w ¢ ©

lim_[Ja(w) — (@) = 0.

Definition 4.6: A sequence of random variables x,, is said to converge in mean square to x if

El|z, —z|*)] — 0 as n — oc.

4.1 A Proposed Algorithm

Problem (3.1) is a static optimization problem that requires potentially large number of con-
straints as the cardinality of Q* can be big. Moreover, explicit knowledge of T'(w*, z), Vw* € Q*, is
in principle necessary to formulate the constraints.

We are interested in obtaining an iterative solution to Problem (3.1) where the constraint set
is not known a priory and randomly changes over time. In other words, we solve Problem (3.1)
iteratively such that one set of constraint appears at each time. In what follows, we assume that
the constraint changes randomly over time.

We propose the following algorithm
Tngl = an(zn — BV f(2n)) + (1 — o) T (W, 22), (4.1)

where T'(w*, ) := (1=n)zn+nT(w:, n),1 € (0,1), o, € [0,1], and w? denotes an outcome w* € Q*
at iteration n. The convergence of the algorithm is proved under the following assumption.
Assumption 4.1: f(z) is &-strongly convex, and V f(x) is K-Lipschitz continuous.
Remark 4.2: A key distinguishing feature of Algorithm (4.1) is the presence of «,, in the

second term. As we will see, this with Assumption 4.1 will introduce nice convergence properties.
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4.1.1 Convergence Analysis

Consider a probability measure p defined on the space (€2, F) where

Q=" xPxQ" x...

F=0XoX0oX...

such that (2, F, u) forms a probability space. We denote a realization in this probabilty space by
w € ). We have the following assumption.

Assumption 4.2: There exists a nonempty subset K C Q* such that FVP(T) = {2z € H,% =
T(w,Z2),Vw € K }, and each element of K occurs infinitely often almost surely.

Remark 4.3: If the sequence {@,}°°, is mutually independent with Y > ; Pry (&) = co where
Pr,(w) is the probability of @ occurring at time n, then according to Borel-Cantelli lemma [215],
Assumption 4.2 is satisfied. Consequently, any i.i.d. random sequence satisfies Assumption 4.2.
Any ergodic stationary sequences {wy;}> ., Pr(w) > 0, satisfy Assumption 4.2 (see proof of Lemma
1 in [49]). Consequently, any time-invariant Markov chain with its unique stationary distribution
as the initial distribution satisfies Assumption 4.2 (see [49]).

Lemma 4.1: Let T'(w*, z) := (1—n)z+nT(w*, z),w* € Q*, z € H, with a nonexpansive random
operator T, FVP(T) # (), and n € (0,1]. Then

(i) FVP(T) = FV P(T).

(i) <z — T(w* x),x — 2 >> Uz — T(w* 2)||%, Vze€ FVP(T),Vu* € Q.

(iii) T'(w*, x) is nonexpasnive.

Proof: (i)

Consider a € FVP(T). Thus & = T'(w*, Z), Vw* € Q*. Hence

A

T(w*z)=01—-nz+nT(w" &) =2, Vw* € QF,

which implies that FVP(T) C FVP(T). Conversely, consider a # € FVP(T). Indeed, & =

~

T(w*, 2),Vw* € Q*. Thus we have

(", &) = (1 - n)& + 9T (", &), Yo" € O,
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or
i =T(w* &), Yw* € O,

~ ~

which implies that FVP(T) C FVP(T). Therefore, we can conclude that FVP(T) = FVP(T).

Thus the proof of part (i) of Lemma 4.1 is complete.
(i)
We have from nonexpansivity of T'(w*, z) that
|T(w*, z) — 2| < ||z — 2||?, Vze€ FVP(T),Vw* € Q. (4.2)
From the fact that
lu+0l* = Jull® + lv]|* + 2 < u,v >, Vu,v € H, (4.3)
we obtain for all z € FVP(T) and for all w* € Q* that
IT(w* @) = 2|* = [T (", 2) — 2 + 2 — 2|
= |T(w", ) = 2l* + ||z — 2|
+2<T(w" ) —x,2—2>. (4.4)
Substituting (4.4) for (4.2) yields
2 <z —T(Ww ),z —2z>>|T(Ww, ) —z|> (4.5)

From the definition of T'(w?, x,,), substituting z — T'(w*, 2) = w for the left hand side of the

inequality (4.5) implies (i). Thus the proof of part (i) of Lemma 4.1 is complete.
(iii)
We have from nonexpansivity of T'(w*, z) for arbitrary x,y € H that
17", 2) = T(w* )l < (L =)z —yll + nl|T(w* 2) = T(w*, y)l|
< (L =n)llz -yl +nllz -yl

= ||z — y||, Yw* € Q*.

Therefore, T'(w*, ) is a nonexpansive random operator, and the proof of part (iii) of Lemma 4.1
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4.1.1.1 Almost Sure Convergence

Theorem 4.1: Consider Problem (3.1) with Assumptions 4.1 and 4.2. Let 5 € (0, [2(—52) and
a, € [0,1],n € N U{0} such that

(a) nli_r>noo an =0,

(b) S5y an = .

Then starting from any initial point, the sequence generated by (4.1) globally converges almost
surely to the unique solution of the problem.

Remark 4.4: An example of «,, satisfying (a) and (b) of Theorem 4.1 is «,, := ﬁ where
¢ €(0,1].

Proof of Theorem 4.1:

We prove Theorem 4.1 in three steps:

Step 1: {z,}52 ), Yw € £, is bounded.

Step 2: {z,}72, converges almost surely to a random variable supported by the feasible set.

Step 3: {z,}52, converges almost surely to the optimal solution.

Remark 4.5: The definition of fixed value point is a bridge from deterministic analysis to
random analysis of the algorithm. With the help of fixed value point set and nonexpansivity
property of the random operator T'(w*, ), we are able to: first, prove boundedness of the generated
sequence {z,} in a deterministic way in Step 1; second, extend deterministic tools to random
cases such as part (i) of Lemma 4.1 and use it for proving the convergence to the feasible set
in Step 2; third, apply deterministic tools to proving the convergence to the optimal solution in
Step 3. Therefore, the definition of fixed value point set with nonexpansivity property of T'(w*, x)
makes analysis of random processes easier than those of existing results regardless of switching
distributions.

Now we give th proofs of Steps 1-3 in details.

Step 1: {2}, Vw € Q, is bounded.

Since the cost function is strongly convex and the constraint set is closed, the problem has the

unique solution. Let x* be the unique solution of the problem. Since z* is the solution, we have
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that 2* = T(w?,2*),Vw* € Q*,Vn € N U {0} (see part (i) of Lemma 4.1). Also, we can write
2 = anr* 4 (1 — o) T (W, 2*), Ywi € Q*,¥n € N U{0}. Therefore, we have
|01 = 2| = lan(zn = BYf(20)) + (1 = an)T(wy, 2n) — 27|
= lln(wn = BY f(wn) — &%) + (1 = a)(T(w}, 20) = T}y, "))
< agllzn = BV f(wn) = &*|| + (1 = an) 1T (wyys 2n) — T(wy, 7).
Since T'(w*, x) is a nonexpansive random operator (see part (#i) of Lemma 4.1), the above can be
written as
2041 = &*|| < anllzn = BV f(20) = 2| + (1 = an) | T(wy, 2) = Ty, 27)|
< apllzn — BV f(zn) — 2*(| 4+ (1 — an)[lzn — 2. (4.6)

Since V f(x) is &-strongly monotone, and V f(x) is K-Lipschitz continuous, we obtain from (4.3)

for any x,y € H that

o —y = B(Vf() = VI)I* = llz - yl> =28 < Vf(x) = Vf(y),x —y > +B*|Vf(z) - VI (y)I
<z —yl* = 2¢8llx — y||* + K252z — y|*
= (1266 + B°K7) ||z — y|?

= (1=l — gl

where 7 = 1 — /1 — (2 — BK?), and selecting 8 € (0, 2%) implies 0 < < 1. Indeed, we have
le —y = B(Vf(z) = Vi) < (1 =7)lz -yl (4.7)
We have that
[2n = BV f(zn) — 2*[| = lzn — 2" = B(Vf(2a) — Vf(2")) — BV f(27)]|
< lwn — 2 = B(Vf(zn) = V(@) + BIV S ()] (4.8)
Therefore, (4.7) and (4.8) implies

[2n = BV f(2n) — ™| < [len — 2" = BV (zn) = V(@) + BIVf ()]

< (X =lfen — 2"+ BIV ()] (4.9)
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Substituting (4.9) for (4.6) yields

[2n1 — &[] < (1= ~yan)lJen — 27| + anBlIV £ (27)|

BIV S ()| )
g

= (1 = yap)||zn — || + van(

which by induction implies that

BHVf( )H}

[2n+1 = 27| < maz{[lzo — 2™,

that implies ||z, — 2*||,n € N U{0},Vw € Q, is bounded. Therefore, {z,}° is bounded for all
w e Q.

As seen from above, we proved the boundedness of the sequence with the help of fixed value
point set and nonexpansiveness of T'(w*, ) as well as Assumption 4.1.

Step 2: {x,}°2, converges almost surely to a random variable supported by the feasible set.

From (4.1) and x,, = apzy + (1 — o)y, we have
Tpt1 — Tn + BV f(25) = (1 — o) (T (W), ) — 24), (4.10)
and hence
< Tpt1 — Tn + BV (xn),xn — 2% >= —(1 — ap) < 2y — T(w,’;,wn),azn —zF > (4.11)
Since z* € FV P(T), we have from part (ii) of Lemma 4.1 that
< xp —T(W, 2n), 2y — 2° >> gHazn — T(wk, z0)|% (4.12)
From (4.11) and (4.12), we obtain
< Tur1 = 20+ @BV (wn), 0 — 2" >< —2(1 = ap)llen = Ty, z0)| (4.13)
or equivalently

< Ty — Ty T — T > —am < BV (), T — T > —g(l — an)||zn — T, 2) 2. (4.14)

For any u,v € ‘H we have

1 1 1
o >= =S lu = ol 4 5l + 5 ol (4.15)
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From (4.15) we obtain
* 1 2
< Ty — Tpg1, Ty — T >= — n+1+Cn+§||xn—xn+1H (4.16)
where Cp, = 3|z, — 2*||?. From (4.14) and (4.16) we obtain

1
Cny1 — Gy — 5”1'71 - xn+1||2 < —ay < BV f(2n), 20 — 2" > _g(l — ap) ||z, — T(w;,xn)HZ.

(4.17)
From (4.10) and (4.3) we have
|21 = 2all® = | = anBVf(@n) + (1 = an)(T(w), @n) —2a)|?
= ap BV (@n)|? + (1 = an)?| T (wy, 2n) — nl®
— 20, (1 — o) < BV (), T (Wi, ) — T > . (4.18)

We know that | 7(w*, 2, ) — || = nl|@n—T(w*, 2,)|. Since a,, € [0, 1], we have also that (1—ay,)? <

(1 — o). Using these facts as well as multiplying both sides of (4.18) by % yield

1 1 1
5”.7;”_,_1 - xn“2 = §ai||ﬁvf($n)“2 + 5(1 - O‘n)2772||T(w7*n$n) - xn”2
— ozn(l —ap) < BVf(xn) T(W, ) — 2p > .
ap|lBV f(zn)|* + (1 — o) T(wy, 20) — @n®

—an(1—ayp) < BV (2), T(W:, 2p) — 2n > . (4.19)
From (4.17) and (4.19), we obtain

1 *
Cn—l—l -Cp < 5”-’5714-1 - mnHQ —ap < ,vi(xn)afEn —x >

= 21— ) = Tw;, 20)|”
1 n * 2 1 2
< _(5 - 5)77(1 — an)llzn — T(wp, 0)||° + an(gannﬁvf(xn)n

= <BVf(an),an —a" >

(1= an) < BYF(20), T, n) — Tn >). (4.20)
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Now we claim that there exists an ng € N such that the sequence {C),} is non-increasing for n > ny.

Assume by contradiction that this is not true. Then there exists a subsequence {C),, } such that
an-i-l - an >0
which together with (4.20) yields

0< an+1 — an
1 n .
< (3~ Dt — o, — Tty 20,
1 *
+anj(§anj62”Vf(:vnj)H2— < ﬁVf(a:nj),wnj -z >

— (1= an,) < BV (@n,), T(Wh, s Tn;) = Tn; >)- (4.21)

Since {z,} is bounded, V f(z) is continuous, and 1 € (0,1), we obtain from (4.21) by Theorem 4.1
(a) that

o I *
0 < liminf[—( 2)17(1 — an;)||7n,; — T(wnj,:ﬂnj)||2

Jj—ro0 5 2
-y (e, 89S P < B 1 a,), 2, — 2" >
- (1 - an]—) < ﬂVf(.’Enj),T(W:;j,xnj) - -'I:nj >)]

<0 (4.22)

which is a contradiction. Therefore, there exists an ng € N such that the sequence {C,} is non-
increasing for n > ng. Since {C),} is bounded below, it converges for all w € €.

Taking the limit of both sides of (4.20) and using the convergence of {C,, }, continuity of V f(z),
Step 1, n € (0,1), and Theorem 4.1 (a) yield

lim ||z, —T(w,,z,)|| =0, pointwise
n—:oo

which implies that {x,}22, converges for each w € Q since FVP(T) # (). Moreover, this together

with Assumption 4.2 implies that {x, } converges almost surely to a random variable supported by

FVP(T).
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As seen from above, we proved the convergence to the feasible set in a deterministic way with
the help of fixed value point set and nonexpansivity of T'(w*, x) as well as Lemma 4.1.

Step 3: {x,}5°, converges almost surely to the optimal solution.

It remains to prove that {z, }°°, converges almost surely to the optimal solution. Since z* €

FV P(T) is the optimal solution, we have
<z—2",Vf(z*)>>0,Vz € FVP(T). (4.23)
We have from (4.3) that

|zn41 = 2|* = l@nt1 — 2" + @BV f(2") — anBV f(z")]?
= [[wns1 — 2" + an BV f(27) | + || BV f ()|

—2ay, < BVf(2"), xny1 — " + an SV () > . (4.24)

Since z* = T'(w?, 2*),Vw* € O*,Vn € N U {0}, we have that z* = an2* + (1 — ay,)T(w*, z*), Yo €

*,¥n € N U{0}; using this fact and (4.1), we obtain

[#n1 — 2% + @BV (@)1 = |an[zn — 2% = BV f(x0) — V f(2"))]

+ (1= an)[T(wy, zn) = Twr, )| (4.25)
Furthermore, we have

<PV (%), g1 — 2" + anfV[(z7) > =< BV f(27), 21 — 2" > +an < BVf(27), BV f(z7) >

=< BVF(@"), zns1 — 2" > +an | BV ()] (4.26)
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Substituting (4.25) and (4.26) for (4.24) yields

|#ni1 — %)% = |2n1 — 2" 4+ BV (@)]|2 4 2| BV f ()2

—2a, < BV f(2"), xps1 — 2" + an SV f(2¥) >

N,

= llan[zn — 2" = BV f(2n) = V(@) + (1 = an) [T (W}, 2) = T(wp, )]
— 20y, < BVf(2*), 2041 — 2 > —ap | BV f(2)|?
= ap|lzn — a* = B(V f(2a) = V(%))
+ (1= an)?||T(wh, wn) — T}y, )|
+ 205 (1 = an) < @p —a* = B(Vf(wn) — Vf(z")), T(wy;, x) — T}, 27) >
— 20, < BVF(2%), 2pp1 — x> —a2||BV£(x*)|2
From (4.7), nonexpansivity property of T'(w*,z), and Cauchy-Schwarz inequality, we obtain

<y — 2" = B(Vf(an) = V(2), T(wh,xn) = T(w}, %) >< (1= )llan — 2" (4.27)
From (4.7), we also obtain
lzn = 2™ = BV f(xn) = VF@ DI < (1 =7)|lzn — 2" (4.28)
Therefore, from (4.27), (4.28), and nonexpansivity property of T'(w*,z), we have

[Zni1 — 2*|? = a2 ||zn — 2* — B(V f(zn) — V()]

+ (1 — )2 7w, ) — T(wi, ) )2

'ﬂ>

+205(1 — a) <z —a* = B(Vf(wn) = Vf(2"), T(wy, zn) = Twr, *) >
=20 < BVf(2"),2p1 — 2" > —ai|| BV f ()|
< (1= 2yan)llzn — 2°|* + an(Vanllan —a*|* =2 < BV (2*), 2pp1 — 2 >)
= (1 - yan)llzn — 2" = yanllzn — 2"
+an(Vaglen —a*|? =2 < BVf(2), 2pp1 — 2" >).
< (1= vam)||zn — 2"

+ an(Van||z, — zF||? — 2 < BVf(2¥), Zpsr — z* >)
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or, finally,
2ap||Tn — 2|2 = 2 < BV (2*), Ty — 2* >
fonsa =2 < (1= ran)n = 7| + gLl = =2 < PUTE): Bt 207 2
(4.29)
From Step 1, Step 2, (4.23), and Theorem 4.1 (a), we obtain
lim (Yan||zn — 2| — 28 < Vf(2*), 2p1 —2* >) <0 almost surely. (4.30)
n—-ao0

Now we have the following lemma.

Lemma 4.2 [216]: Let {a,}2, be a sequence of non-negative real numbers satisfying
Ap+41 S (1 - bn)an + bnhn + Cn

where b, € [0,1],> 07 by = o0, limsup h,, <0, and Y7 ¢, < co. Then

n—-ao0

lim a, = 0.
n—aoo

According to Lemma 4.2 by setting

an = ||zn — $*”27

bp = ya,
V2o ||z, — 2|2 — 28 < Vf(2*), 21 — 2% >
Y

h = (

)
we obtain from (4.29), (4.30), and Theorem 4.1 (b) that

lim |z, — z*|?

=0 almost surely.
n—a~oo

Therefore, {z,}72, converges almost surely to z*.
As seen from above, we proved the convergence to the optimal solution in a deterministic way

(using Lemma 4.2) with the help of fixed value point set and nonexpansivity of T'(w*, x) as well as

Assumption 4.1.
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4.1.1.2 Mean Square Convergence

Theorem 4.2: Consider Problem (3.1) with Assumptions 4.1 and 4.2. Suppose that 5 € (0, %)

and ay, € [0,1],n € N U {0}, satisfies (a) and (b) of Theorem 4.1. Then starting from any initial
point, the sequence generated by (4.1) globally converges in mean square to the unique solution of

the problem.

Proof: We have from Theorem 4.1 that

lim ||z, —z*|| =0 almost surely,
n—aoo

or

lim |z, —z*|?
n—m—:o0

=0 almost surely.
From Parallelogram Law, we have that
lzn — a*1? < 2(|Jan]® + [l2*[[%), ¥n € N.

We define a non-negative measurable function

7o = 2(||zn|* + |27) = llzn — 2"
Hence, we obtain

lim 7, = 4||z*||*> almost surely.
n——aoo

Now we have the following lemma.
Lemma 4.3 [217] (Fatou’s Lemma): If 7, : @ — [0, 00| is measurable, for each positive integer

n, then

/(liminan)du Sliminf/ Tndfs.
Q Q

n—aoo n—aoo

Applying Lemma 4.3 yields

n—aoo n—-oo

/(lim inf 7,)dp < liminf/ Tndis
Q Q

or

/ 4" dp < liminf( / a2yt + / 22| dp — / 2 — 2*|2dpe)
Q n—oo [ Q Q

2| | 2dps) + / 2||2*|[2dy — limsup / |0 — o*||dp. (4.31)
(9] n—>o00 Q
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Now we have the following lemma.
Lemma 4.4 [217] (The Dominated Convergence Theorem): Let {7,} be a sequence in L' such
that 7, — 7 almost everywhere, and there exists a nonnegative g € L' such that |7,| < g for all
1 _ .
n. Then, 7 € L' and [, 7dp = nlﬂr}l@/ﬂmdu.

Due to boundedness of {z,}72, Vw € 2, we obtain from Lemma 4.4 that

lim 2Hxn|]2du:/2”x*“2du. (4.32)
Q Q

n——oQ

Thus, we obtain from (4.31) and (4.32) that

/ 4" |Pdu < lim ( / a2 dps) + / 2l |2y — limsup / e — 2 2dp
Q n—oo Q [¢) n—>o0 0

- / 4]l Pdp — lim sup / e — 2*|2dp,
(9] n—>o0 (9]

or

limsup/ |2n — 2*||%dp = 0.
Q

n—aoo

Thus we have

lim Ellan —o|% = lim / o — 2*2du
n—-ao0 n—-ao0 QO
<timsup [ [z, — o[y
n—>o0 Q

=0
which implies that {x,}°°, converges in mean square to z*. Thus the proof of Theorem 4.2 is
complete.
4.1.2 Application to Solve Distributed Optimization over Random Networks

So far we have provided the convergence of Algorithm (4.1) to the optimal solution of Problem
(3.1). The algorithm can directly be applied to solving Problem 3.2 in a distributed fashion under
the following considerations. We need to assume that each f;(x;) is &-strongly convex and V f;(x;) is

K-Lipschitz. Therefore, we arrive at the following corollaries of Theorems 4.1 and 4.2, respectively.
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Corollary 4.1: Consider Problem 3.2 with Assumption 4.2. Assume that f;(z;) is &-strongly
convex, and V f;(x;) is K-Lipschitz continuous for ¢ = 1,2,...,m. Suppose that g € (0, %),n €
(0,1), and a, € [0,1],n € N U {0}, satisfies (a) and (b) of Theorem 4.1. Then starting from any

initial point, the sequence generated by
Tnt1 = an(@n — BV f(2n)) + (1 = an) (1 = n)zn + W (w;,)2n) (4.33)

globally converges almost surely to the unique solution of the problem.

Corollary 4.2: Consider Problem 3.2 with Assumption 4.2. Assume that f;(x;) is {-strongly
convex, and V f;(x;) is K-Lipschitz continuous for ¢ = 1,2,...,m. Suppose that g € (0, 12(—52),77 €
(0,1), and «, € [0,1],n € N U {0}, satisfies (a) and (b) of Theorem 4.1. Then starting from any
initial point, the sequence generated by (4.33) globally converges in mean square to the unique
solution of the problem.

Remark 4.6: The authors in [8] have presented a totally asynchronous algorithm for solving
systems of equations of the form x = f(x) where f(z) is a contraction mapping on the Banach space
Bs = (R™,||.|lcc) and a partially asynchronous algorithm for solving consensus system z = Wz
where W is nonexpansive on B.,. Here, we are able to obtain a totally asynchronous distributed
algorithm for solving distributed optimization problems (rather than systems of equations) con-

strained by the consensus system in the Hilbert space H = (R", ||.||2). Note that nonexpansivity

(or contraction) property of an operator in general may not be preserved from a space to another.

4.1.2.1 Numerical Example

Now we give an instance of a distributed optimization problem over a random network in which
there are distribution dependencies among communication graphs.

Ezxample 4.1: Distributed estimation in wireless sensor networks (WSNs):

Consider a WSN with m = 20 sensors which measure the location of an object. The observation
of the i*" sensor is described as y; = A;0 + v; where A; € R¥™*™, § € R is the deterministic

parameter to be estimated, and v; is the i.i.d. Gaussian observation noise. We use Maximum
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Likelihood Estimator with regularization

20

mein Zl(“Az@ - yz”% + PzHGH%)v

where p; is the regularization parameter of each sensor.

This problem can be formulated as the following distributed problem:

20
, min > (A6 — will3 + pill6:l13)
15020 P (4.34)
subject to 01 =0y = ... = 9.

We consider an undirected graph, i.e., 1 <— 2... <— 20. Each sensor gives a weight W;; =
| 25 77y to information received from its neighbors. We select y; = [0.25,0.25][2,2]T +v; and p; = 0.2
where v; is the i.i.d. Gaussian observation noise with zero mean and variance 0.01 for each sensor’s
measurement. One can see that f;(6;) = [|A0; — vi|3,7 = 1,2, ..., 20, are 2p;-strongly convex, and

V fi(0;) are K;-Lipschitz continuous where
K; = |2AT A; + 2p; 13|z = 0.65.

Hence, & = min{2p1,...,2p20} = 0.4 and K = max{Ky,..., Ko} = 0.65; consequently, we select
g =1¢€ (0, I%—) Also we select a,, = n > 0 and n = 0.5 for simulation.

Here, QO = {g1,927g37g4} where

1
n+1’

g1 =1(2,3),(4,5),(6,7),(8,9)},
Go ={(10,11),(12,13), (14, 15),(16,17),(18,19) },
Gs ={(1,2),(3,4),(5,6), (7,8), (9,10), (11,12), (13,14),
(15,16),(17,18),(19,20)},
Ga=A{}.
We assume that G;,i = 1,2,3,4, have i.i.d. Bernoulli distribution with Pr(G;) = ‘—11 in every

N—interval, and at the iteration kN ,k=1,2,..., a graph works that has worked the minimum

N —interval. If some graphs G; have the same number of minimum
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iteration

Figure 4.1 Variables §' and #? of 20 agents are shown by solid blue lines and dashed
black lines, respectively.  The figures show that they are approaching
0* = [0.7417,0.7417)7.

www.manharaa.com



42

Figure 4.2 2D plot, where 6* is shown by o, for 1000 iterations.
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Figure 4.3 Root Mean Square Error (RMSE) for two intervals: [0,300] and [301, 3000]
iterations.
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occurrences in the previous N—interval, then one is chosen randomly. Thus the sequence {wit>e,
is not independent and has time-varying distributions. In fact, it has a subsequence {w;‘bj }?io that
isi.i.d. As a matter of fact, according to Borel-Cantelli lemma [215], G;,i = 1,2, 3, 4, occur infinitely

often almost surely in the probability space (2, F, P) where

Q={G1,....Ga} x{G1,...,Ga} x {G1,...,Ga} x ...

Therefore, Gi, ..., G4 occur infinitely often almost surely in the probability space (£, F, u) in this
example. Therefore, Assumption 4.2 is satisfied. Indeed, the conditions of Corollaries 4.1 and 4.2
are satisfied. We choose N = 20 and random initial conditions for simulation. The results given
by Algorithm (4.33) are shown in Figures 4.1.

We use CVX software of Matlab for solving optimization problem (4.34) and the solution is
0r = [0.7417,0.7417)7,i = 1,...,20. Note that 6 may be different due to different observation
noise. The two-dimensional plot is given in Figure 4.2, and the error e, = ||z, — z*||2 is shown in
Figure 4.3

As seen in this example, Algorithm (4.33) is able to solve distributed optimization problems in

which there are distribution dependencies among possible graphs under mentioned assumptions.

4.2 The Random Picard Algorithm

Although the Picard iterative algorithm may not always converge to a fixed point of an operator
(see Chapter 2), it converges for operators with special properties. This is useful for solving
feasibility problem of (3.1). In the following two subsections, we show that the random Picard

iteration can solve feasibility problems under suitable conditions.

4.2.1 Firmly Nonexpansive Random Maps

Consider a firmly nonexpansive random mapping 7T'(w*, x) where T': Q* x R — R" n € N,
and H = (R",||.]|%). Now we have the following theorem.
Theorem 4.3: Consider the above firmly nonexpansive random map 7T'(w*, z) where the car-

dinality-of the set-Q* isfinitesAssume FV P(T) # ). If each w* € Q* occurs infinitely often almost
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surely, then the sequence {z,}>°, generated by the random Picard iteration
Tpy1 = T(w), zp) (4.35)

converges almost surely and in mean square to a random variable supported by FV P(T).
Proof: We introduce the following lemma.
Lemma 4.5 [218]: Let ¢; : H — H,i = 1,2, ..., N, be firmly nonexpansive with ﬂi]LFz'x(qﬁi) +

(), where H is finite dimensional. Then the random sequence generated by
o € D arbitrary, n41 = @pn)(n),n >0, (4.36)

where each element of {1, ..., N} appears in the sequence {r(0),(1), ...} an infinite number of times,
converges to some point in ﬂiilFix(gbi).

If each w* € QF occurs infinitely often almost surely, we obtain from Lemma 4.5 that the
sequence {x,}°2 generated by (4.35) converges almost surely to a random variable supported by
FVP(T). From the proof of Theorem 4.2, the sequence also converges in mean square to the

random variable. Thus the proof is complete.

4.2.2 Contraction Random Maps

Theorem 4.4: Consider a random operator T'(w*, z) where T : Q* x B — B, FVP(T) # 0,
and T is a contraction random operator with constant 0 < k < 1. Then starting from any initial
point, the sequence generated by the random Picard iteration (4.35) converges pointwise (surely)
and in mean square to the solution of the problem with exponential rate of convergence.

Proof: We have that for each fixed w* € QF, the operator T(w*,z) is a contraction with
constant k. Thus, according to Theorem 2.3, it has a unique fixed point for each fixed w* € Q*.

Since FV P(T) # 0, there exists a unique z* such that x* = T'(w*, 2*), Vw* € Q*. Hence, we obtain
[2nt1 — 2"l < Kllzn — 275

< K1 — ¥

< K" Hzo — %5, Vw € Q. (4.37)
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Now we show that the sequence {z,}7°, is a Cauchy sequence in B. We obtain by (4.37) that

|Zns1 — Znlls = |Tnt1 — 2 + 2% — 275
< |#pt1 — 2% + |l2n — 2|8

< /ﬁ”HHwo — 2|+ K" ||lxo — 2¥||B, Vw € Q.

Therefore, {x,}5° is a Caushy sequence in B and, thus, converges pointwise (surely) to z*. We

also obtain from (4.37) that

. L 2 — . e 2
Jim B, ~a*(E] = tim [ o~
<l k2o — o E0(9)

T n—o0

=0.

Therefore, {x,}72, converges in mean square to z*. One can see from (4.37) that the rate of

convergence is exponential. Thus the proof of Theorem 4.4 is complete.

4.3 The Random Krasnoselskii-Mann Algorithm

In some cases when the Picard iteration may not converge, the Krasnoselskii-Mann iteration may
be useful to solve a problem. In the following subsection, we show that the random Krasnoselskii-

Mann iterative algorithm is useful to solve feasibility problem of (3.1).

4.3.1 Nonexpansive Random Maps

Consider a nonexpansive random map 7'(w*,z) where T : Q* x R — R",n € N, and H =
(Rl

Theorem 4.5: Consider the above nonexpansive random map. Let the cardinality of the set
Q* be finite. Assume FV P(T) # (). If each w* € Q* occurs infinitely often almost surely, then the

sequence {x,}o2 generated by the random Krasnoselskii-Mann iteration

11,
Tnt1 = 5 + QT(UJ”’ Tn) (4.38)
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converges almost surely and in mean square to a random variable supported by the FV P(T).

Proof: Since T'(w*, z) is nonexpansive for each w* € Q*, the random operator ¢(w*, x) where
* ]' *
o(w*, x) = 5((1) + T (w*, 7)) (4.39)

is, by Remark 2.1, firmly nonexpansive for each w* € 2*. From Lemma 4.5, the sequence generated
by the random Krasnoselskii-Mann algorithm (4.38) converges almost surely to a random variable
supported by the F'VP(T). From the proof of Theorem 4.2, the sequence also converges in mean
square to the random variable. Thus the proof is complete.

Remark 4.7: Algorithm (4.38) is a special case of Algorithm (2.2) for random case where
oy = 3. In this case, Algorithm (4.38) can be viewed as either the random Krasnoselskii-Mann
iterative algorithm for finding a fixed value point of a nonexpansive random map 7'(w*,x) or the

random Picard iterative algorithm for finding a fixed value point of a firmly nonexpansive random

map ¢(w*, x) defined in (4.39).
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CHAPTER 5. SOLVING LINEAR ALGEBRAIC EQUATIONS OVER
RANDOM NETWORKS

In this chapter, we consider the problem of solving linear algebraic equations over random
networks. This problem includes distributed consensus problem as a special case. We show that
the random Krasnoselskii-Mann algorithm (4.38) is useful to solve this problem. The real Hilbert
space considered in this chapter is H = (R", ||.||2),n € N. For simplicity we write ||.||2 = ||.|| in this

chapter.

5.1 A Distributed Algorithm for Solving Linear Algebraic Equations over

Random Networks

Now we define the problem of solving linear algebraic equations over random network.

Consider m agents. The agents want to solve the problem H;in |Az — b||, A € R¥*9 b € RH,
where each agent merely knows a subset of the rows of the partitioned matrix [A, b]; precisely, each
agent knows a private equation A;z; = b;, i = 1,2, ...,m, where A; € R¥*9 b € RH Y1y = p.
The objective of each agent is to collaboratively seek the solution of the following optimization

problem using local information in presence of random interconnection graphs:

m
min » _ [[Aiz — b|?
i=1
where x € R9.
Problem 5.1: Let the weighted random operator of the graph T'(w*,z) := W (w*)x be given
(see Definition 3.2). Then the above problem under Assumptions 3.1 and 3.2 can be formulated as
follows:

min F@) = | Aiwi — bil|?
i=1

T

subject to = € FVP(T),
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where x = [, ... 2l T 2; e R,i=1,2,...,m
Before presenting our main results, we impose the following assumption on the equation Az = b.
Assumption 5.1: The linear algebraic equation Az = b has a solution, namely S := {z| min |Az—
bl =0} # 0.

Problem 5.1 with Assumption 5.1 can be reformulated as finding x such that

o
8
I
el
—~~
[
[\
~—

and
x € FVP(T), (5.3)
where
A 0 0 by
i 0 A 0 5 by
0 0 A bin

Lemma 5.1: The solution set of (5.2) is equal to the solution set of the following equation:

Az +b=uz, (5.4)
where
I, — 0,AT A 0 e 0
0 I, —0,AT A5 - 0

o
I
—~~
o
(@)
~

0 0 v Ip— 0, AT A,
6, AT,
L : (5.6)
O AL b,
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Proof: Rows of (5.2) are written as A;z; = b;,i = 1,2,...,m, which is equivalent to z; =
z; — 0;AT (A;z; — b;). Consequently, the solution sets of A;x; = b; and z; = x; — 0; AT (A;x; — b;)
are the same. This completes the proof of Lemma 5.1.

Now Problem 5.1 with Assumption 5.1 reduces to the following problem.

Problem 5.2: Consider Problem 5.1 with Assumption 5.1. Let H(z) := Az + b, where A and
b are defined in (5.5)-(5.6), and let T'(w*, ) be defined in Definition 3.2. The problem is to find z*
such that z* € Fiz(H)NFVP(T).

Now we give the following theorem.

Theorem 5.1: Consider Problem 5.2 with Assumption 4.2. Then starting from any initial
condition, the sequence generated by the random Krasnoselskii-Mann algorithm
5|

Tni1 = 0+ 5[(1 = @)W (W))zn + w(Azy, + )] (5.7)

where w € (0, 1) converges almost surely to 2* which is the unique solution of the following convex

optimization problem:

min |z — xol|
v (5.8)
subject to z = (1 — @)W (w*)z + w(Az +b), Yw* € Q*.
Remark 5.1: Algorithm (5.7) cannot be derived from generalization of algorithms proposed
in [93]-[119] and [120]-[134] to random case.
Before we give the proof of Theorem 5.1, we need to give some lemmas needed in the proof.
Lemma 5.2: Let H(x) be defined in Problem 5.2. Then H : R™4 — R™9 is nonexpansive.

Proof: We have that |H (z)—H(y)|| = ||A(z—y) |, Vz,y € ™. Now we prove that || A(z—y)|| <

|z =yl Let z = [21, 2%, ..., 2017 and y = [y, yd, ...,yL]T. We have that

IA(z = y)l|”
(I, — 01 AT A1) (21 — 1)

(Ig = 0243 Az) (22 — y2) 2

(Ig = Om AT, Am) (2m = Ym)
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= > Iy = 0;47 A7) (25 = w))II*.
j=1

Since 6; € (0 ), we have ||I; — 6;AT Aj]| < 1. Moreover, ||(I; — 6;AT Aj)(z — y;)|| <

2
" Amaz(A;AT)

11, — HjA?AjHsz —yjll, 7 = 1,2, ...,m. Therefore, we obtain

> Iy = 0,AT Aj) (2 — yp)|I> <D Iy — 0,AT Aj|P (|25 — w1
j=1 j=1

m
<D Nz =yl =1z =yl
j=1
or
1Az =)l < Iz = yll- (5.9)
Thus the proof of Lemma 5.2 is complete.
Lemma 5.3: Let T'(w*,z) and H(x) be defined in Definition 3.2 and Problem 5.2, respectively,

and

Dw*z):=(1-w)T (W z)+wH(z), (5.10)

where w* € Q*, w € (0,1). Then FVP(D) = Fiz(H) N FVP(T).
Proof: Assume a z € Fiz(H) N FVP(T). In fact, Z = H(2) and z = T'(w*, 2) = Z,Vw* € Q*.

Therefore, we obtain from (5.10) that

which implies that Fiz(H) N FVP(T) C FVP(D). Conversely, assume a Z € FVP(D), i.e.,
Dw"2)=2=(1-w)T(w",2) +wH(Z),Yw* € Q. (5.11)
Since Fiz(H) N FVP(T) # 0, there exits a y* € Fiz(H) N FVP(T). Now by (5.11) we obtain
1Z2=y"l = 1(1 = =) T(w", 2) + @wH (2) — y°.
By the fact that y* = (1 — w)y* + wy*,w € (0,1), we obtain
12 =yl = (1 = @) T(w", 2) + wH (2) -y

= [[(1 = @) (T(w", 2) —y*) + w(H(2) = y)|| (5.12)
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Since y* = H(y*) and y* = T'(w*, y*), Vw* € Q*, we obtain from (5.12) for all w* € Q* that
(A=) (T (", 2)—y" ) +w(H () -y")| = [(1-=)(T(w", 2)-T(w", y"))+w(H(2)-H(y"))|. (5.13)
Due to nonexpansivity property of T'(w*, z) (see (3.7)), we have for all w* € Q* that
[(1==)(T(W",2) = T(w" y") +@w(H(Z) - Hy")| < 1 -2) |2 -y [+l H(2) - H(y")|. (5.14)
By nonexpansivity property of H(z) (see Lemma 5.2), we also have for all w* € Q* that

11 = @) (T(w",2) = T(w",y") + w(H(Z) - Hy") < 1 - @) [T (", 2) = T(w", y") | + @2 =yl
(5.15)

Because of nonexpansivity property of T'(w*, z), we obtain from (5.15) that
(=) |IT(w", 2)-T(w" y)ll+=lz=y*| < A-—@) 2=y [|+@l|lZ2=y"[| = [2-y"[|, Vo € Q7. (5.16)
Due to nonexpansivity property of H(x), we also obtain from (5.14) that
(I—@)z -yl +w|H(Z) - Hy)| <1 -2)|Z -y |+ =z -y =12 =9 (517)
From (5.12)-(5.17), we finally obtain
12 =y7l < (1 =) (T(w", 2) = T(w",y%) + w(H(Z) - H(y"))
<A-@)z2-yll+=lH(E) - H(y)
< |IZ = y*||, Vw* € Q* (5.18)
and
12 =yl < (1 = @)(T(w", 2) = T(w",y") + w(H(2) — H(y"))l|
<(1-2)|Tw"2) - T(W" y") + =llz - ]
< |z =y, V' € Q. (5.19)
Thus, the equalities hold in (5.18) and (5.19), that imply that
12 =yl = (1 =) (T(w", 2) = T(w",y") + w(H (2) — H(y"))|
= [[H(2) = H(y")|

= ||T(w", 2) = T (W, y")|, Yw* € Q. (5.20)
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Now we have the following remark.
Remark 5.2 [219, Ch. 2]: Due to strict convexity of the norm |||, if ||z]| = ||y]| = ||(1 — @)z +
wy|| where z,y € X and w € (0,1), then z = y.

Substituting y* = H(y*) and y* = T(w*, y*), Vw* € Q*, for (5.20) yields
IH(Z) - 7l = IT@", 2) — 7]l = (1 - =) (T, 5) — ") + D(H(E) — ), Yo* € O,
which by Remark 5.2 implies that H(2) — y* = T'(w*, 2) — y*,Vw* € Q*, or
H(zZ)=T(w" 2),Yw* € Q". (5.21)
Substituting (5.21) for (5.11) yields
Z= H(3) = T(W*, 3),Yu* € O,

which implies that FVP(D) C Fix(H) N FVP(T). Therefore, FVP(D) = Fiz(H) N FVP(T).
Thus the proof of Lemma 5.3 is complete.

Lemma 5.4: Let D(w*,z),w* € QF be defined in Lemma 5.3. Then FVP(D) is a closed
convex nonempty set.

Proof: For any z,y € R™4, we obtain
[1D(w?,2) = D(w",y)ll = (1 —@)(T(w", z) = T(w",y)) + w(H(z) — H(y))l
< (1 -@)|T(w" 2) - T(w" )| + = H(z) = H(y)|.- (5.22)
Because of nonexpansivity of both T'(w*, z) and H(z), we obtain from (5.22) that
[1D(w?,2) = D(w", y)l| < (1 =) T(w", 2) = T(W", y)ll + wl[H(2) — H(y)]|
<=z —yl +=lz =yl = [l —yll

that implies that D(w*,x) is nonexpansive. Indeed, since 7 is closed and convex, we obtain by
Remark 3.3 that F'V P(D) is closed and convex. Furthermore, F'V P(D) is nonempty by Assumption
5.1 and Lemma 5.3. This completes the proof of Lemma 5.4.

* € QF, be defined in Definition 3.2, and
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S(w,z) = (1 —@w)T(w*, ) + wAz,w* € QF, (5.23)
where w € (0,1). Then FV P(S) is nonempty, closed, and convex.
Proof: Since 0,y is a fixed value point of S, we can conclude that F'V P(S) is nonempty. Now
for any z,y € R, we obtain
IS(w*,2) = Syl = (1 = @)(T(w*, 2) = T(w*,y)) + @A(z — y)|

< (1-@)|T(w" 2) = T, )| + @[ Az = )| (5.24)
Similar to the proof of Lemma 5.2, we obtain
1Az =9l < 1z = yll- (5.25)
Therefore, we obtain from (5.24) by nonexpansivity of T'(w*, z) and (5.25) that
5", 2) = Syl < (- DT, 2) ~ T, )l + @] Gz — )]
< (1 -@)z -yl + =z -yl
=z -yl

which implies that S(w*, x),w* € Q*, is nonexpansive. Therefore, one can obtain by Remark 3.3
that F'V P(S) is closed and convex. Thus the proof of Lemma 5.5 is complete.
Lemma 5.6: Assume that the linear algebraic equation Az = b does not have a unique solution,
i.e., S is not a singleton. Let S(w*, ) be defined in (5.23). Then F'V P(5) is a closed affine subspace.
Proof: By Lemma 5.5, we have that F'V P(S) is closed. Since S is not a singleton, FV P(S) is

not a singleton either. Consider two distinct points z,y € FV P(S), i.e.,

z=5w"z2),5=Sw" 7)), Ww" e Q" (5.26)

Now we obtain

(5.27)
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where ¢ € R. Substituting (5.26) for (5.27) yields
Sz + (1 =9)y) =<SW,2) + (1 =S, g) =z + (1 =)y

which implies that ¢z + (1 — ¢)y € FV P(S). Therefore, FV P(S) is an affine set.
Now we have the following remark.

Remark 5.3 [173]: If C is an affine set and zp € C, then the set
C—2z={z—2|z€C}

is a subspace.

Since 0,,4 € FV P(S), we obtain by Remark 5.3 that the set
FVP(S) = Opg = FVP(S)

is a subspace. Thus the proof of Lemma 5.6 is complete.

Lemma 5.7: Let

1 1

Q1(w*, x) = 3%+ §D(w*,x),Vw* e 0, (5.28)
1 1

Q2(w*, x) := 2% + QS(w*,a:),Vw* SR (5.29)

Then Qi(w*,z) and Q2(w*,z) are nonexpansive and FVP(Q;) = FVP(D) and FVP(Q2) =
FV P(S). Moreover, Q1 (w*, z) is firmly nonexpansive for each w* € Q*.
Proof: Since D(w*,z) and S(w*, z) are nonexpansive, we obtain by Remark 2.1 that Q;(w*, z)

and Q1(w*,z) are firmly nonexpansive for each w* € Q* and thus nonexpansive. Now consider a

[

€ FVP(D). Thus D(w*, 2) = z,Vw* € Q*. Substituting this fact for (5.28) yields Q;(w*,2) =
Z,Yw* € Q* which implies that Z € FV P(Q1). Now consider a Z € FVP(Q1). Similarly, one can
obtain that Z € FV P(D). Therefore, FVP(Q1) = FVP(D). With the same procedure, one can
prove by using nonexpansivity of S(w,z) (see proof of Lemma 5.5) that FVP(Q2) = FVP(S).
Thus the proof of Lemma 5.7 is complete.

Remark 5.4: By Lemma 5.3 and Lemma 5.7, Assumption 5.1 guarantees that the set of

equilibrium points of (5.7) is Fiz(H)NFV P(T) # 0. Also Assumption 5.1 guarantees the feasibility
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Remark 5.5: Quadratic Lyapunov functions have been useful to analyze stability of linear
dynamical systems. Nevertheless, common quadratic Lyapunov functions may not exist for con-
sensus problems in networked systems [157]. Furthermore, common quadratic Lyapunov functions
may not exist for switched linear systems [158]-[160]. Moreover, other difficulties mentioned in
[164] may arise in using Lyapunov’s direct method to analyze stability of dynamical systems. Also,
LaSalle-type theorem for discrete-time stochastic systems (see [156] and references therein) needs
{w 102, to be independent. Therefore, we do not try Lyapunov’s and LaSalle’s approaches.

Proof of Theorem 5.1:

From Lemmas 5.3 and 5.7, we can write (5.7) as

Tyl = Q1(w), xp). (5.30)

Now we have the following definition and lemmas.
Definition 5.1 [220]: Suppose C is a closed convex nonempty set and {x,}5° is a sequence

in H. {x,}52, is said to be Fejér monotone with respect to C' if

lxnt1 — 2] < Jlzn — 2]|, Vze C,n>0.

Lemma 5.8 [220]: Suppose the sequence {z,} >, is Fejér monotone with respect to C. Then
{2} is bounded.

Lemma 5.9 [221]: Let {z,} 2, be a sequence in H and let C' be a closed affine subspace of H.
Suppose that {x,}°°, is Fejér monotone with respect to C. Then Pcx, = Pcoxo,Vn € N.

Consider a ¢ € FVP(D) = FVP(Q1). From Lemma 5.7, we have ¢ = Q;(w*, ¢). Hence, for all
w € 2, we have

st — ell = [ Qu(ehsn) = Quwi A < 1 — el

which implies that the sequence {z,} is Fejér monotone with respect to F'V P(D) (see Definition 5.1
and Lemma 5.4). Therefore, the sequence is bounded by Lemma 5.8 for all w € Q. Since m € N,
N is finite. Thus we obtain from (5.30), Lemma 4.5, and Assumption 4.2 that {x,}5°, converges

almost surely to a random variable supported by FV P(Q:) = FV P(D) for any initial condition.
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It remains to prove that {x, }5°, converges almost surely to the unique solution z*. If Problem
5.2 has a unique solution, then z* is the only feasible point of the optimization (5.8); otherwise,
FVP(S) is a closed affine subspace by Lemma 5.6. Consider a fixed § € FVP(D) = FVP(Q1).

Thus § = 37 + 3 D(w*,§) and D(w*,§) = §, Vw* € Q*. We obtain from these facts and (5.7) that

Tptl — Y = %(l'n - ?j) + %(D(w:‘;’mn) - ?j)
- %(wn — )+ %(D(w;;,xn) — D(wyp. 7))
= 5 (@0 — )+ (5} 7a) — S5 9)
1

= (20 —7) + %S(w;i,rcn - 9)
= Q2(wp, Tn — 7). (5.31)

Now consider a ¢ € FVP(S) = FVP(Q2). From (5.31) we obtain

[2nt1 =7 — el = |Q2(wn, zn — 7) — €|
= [|Q2(wy, zn — ) — Qa(wy,, )|
which by nonexpansivity property of Q2(w*,z) (see Lemma 5.7) implies
[@nt1 — 5 = el = |Q2(wp, zn — §) — Q2(wy, 0|
< ||lzn — 79— ¢l (5.32)
Since FVP(S) = FVP(Q2) (by Lemma 5.7) is nonempty, closed, and convex (see Lemma 5.5),
the sequence {z, — y}22, is Fejér monotone with respect to FVP(Q2) = FVP(S) for all w €

Q. Moreover, FVP(S) = FVP(Q2) (by Lemma 5.7) is a closed affine subspace by Lemma 5.6.

Therefore, according to Lemma 5.9, we obtain

Jim oz, —§ = Pryp(s) (w0 — 7).

As a matter of fact, * = 2z* 4+ §j where 2* = PFVP(S)(xO — 7). Indeed, z* can be considered as the

solution of the following convex optimization problem:
min Iz = (20 — )|

z (5.33)

@)W (w*)z + wAz, Yw* € Q*.
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By changing variable x = z + ¢ in optimization problem (5.33), (5.33) becomes

min |z — xol|

P (5.34)
subject to 2 = (1 — @)W (w*)(z — §) + wA(x — §) + 7, Vw* € Q*.

where z* is the solution of (5.34). By the fact that § = (1 — @)y + wy, the constraint set in (5.34)

becomes

r=(1—-o)(Ww)(z—7) +7) +m(A—g) +§), Vw* € Q. (5.35)

Substituting § = W (w*)j, Vw* € Q*, and § = Aj + b for (5.35) yields
= (1—o)W(w)z +w(Az +b). (5.36)

Substituting (5.36) for (5.34) yields (5.8). Because of strict convexity of ||.||, the convex optimization
problem (5.8) has the unique solution. Thus the proof of Theorem 5.1 is complete.

Theorem 5.2: Consider Problem 5.2 with Assumption 4.2. Then starting from any initial
condition, the sequence generated by (5.7) converges in mean square to x* which is the unique
solution of the convex optimization problem (5.8).

Proof: One can obtain from Theorem 5.1 and the proof of Theorem 4.2.

5.1.1 Distributed Average Consensus over Random Networks

Now, we define the problem of reaching average consensus over random networks.

The agents want to reach the average of their initial states in presence of random interconnection
topologies, i.e, T1 = T9 = ... = Ty, = % o, 2:(0) where z;(0) € R4 is an initial state of the agent
i.

Before we present our results, we mention that the algorithm of Tsitsiklis [7] and its general-

ization to random case is

Tpy1 = Wy, (5.37)

Algorithm (5.37) is in fact the Picard iterative algorithm (2.1) for finding a fixed point of the

nonexpansive operator T'(z) := Wax. For periodic and irreducible matrices, the authors of [35]-[36]
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prove that distributed consensus occurs with asynchronous updates. It is still a question if agents
achieve consensus with synchronous updates. The answer is affirmative.

Remark 5.6: Relazation method for convex feasibility problems was first investigated in [222]-
[223]. It is shown in [224] that relaxation method is a special case of the Krasnoselskii-Mann
iteration.

The random Krasnoselskii-Mann iterative algorithm (4.38) for consensus problems reduces to
the following algorithm:

11,
Tntl = 5Tn + §W(wn)xn (5.38)

Now we give the following theorem.

Theorem 5.3: Consider the average consensus problem where W (w*) satisfies Assumptions
3.1, 3.2, and 4.2. Then the sequence generated by the random Krasnoselskii-Mann algorithm (5.38)
converges almost surely to z* = 1, ® L 3" | 2;(0) so that Pex, = 1,, ® = 37, 2;(0),Vn € N.

Remark 5.7: We show here that the average consensus of initial states of the agents is in fact
the projection of initial states of agents onto the consensus subspace in the Hilbert space (R™?, ||.||).

Before we give the proof of Theorem 5.3, we need to present the following lemma needed in the
proof.

Lemma 5.10: Let
D(w*,x) == %x + %T(w*,:c), (5.39)
where T'(w*,z) is defined in Definition 3.2. Then FV P(D) = FV P(T).

Proof: One can prove from Lemma 5.3 where 8 = £ and H(z) := z.

Proof of Theorem 5.3: From (5.38), we have
1 1
lensall = l5an + 5 W)zl

1 1

< Sllzall + SIW @)l
1 1 .

< Sllzall + 51 @) llznl.

From (3.7), we have ||[W(w*)[| < 1,Vw* € Q*. Hence we obtain

1 1
I#niall < Sllaall + SIW @) all < Jznl,¥n € N,
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which implies that the sequence {z,}2%, Vw € Q, is bounded.
Now consider a ¢* € FVP(D) = C. Thus we have ¢* = $¢* + Lc*. Using this fact and (5.38),

we obtain
st — €l = 1 g+ 5 W (wh)an — |
1 1
= 5@ =) + (W (wp)zn — . (5.40)
Since ¢* € FVP(D), we have that ¢* = W (w)c*, Ywi € Q*,¥n € N U {0}. Therefore, we obtain
5 ) + 5 (W (wan — ) < gllen — ¢l + 3 I (i) @ — )]
1 1
< gl =l + S IW wWp)llllzn = €|l (5.41)
Since |[W(w*)|| < 1,Vw* € Q*, we obtain from (5.40)-(5.41) that
lZnt1 =€l < Sllzn =l + SIW @n)lllzn — el < flzn = ]l (5.42)
Since the number of the agents, m, is finite, the number of the possible graphs N is finite, too. Due
to nonexpansivity of T'(w*, z) for each fixed w* € Q*, we obtain by Remark 2.1 that

S(w*, x) == %(w + T'(w*, 7))

is firmly nonexpansive. Therefore, by Lemma 4.5, Lemma 5.10, and Assumption 4.2, (5.38) con-
verges almost surely to a random variable supported by C since (5.38) is z,11 = S (wp, xn).

It remains to prove that the sequence {x,, }32, converges almost surely to z* = 1,,®L1 > 1 2(0).
We can see by (5.42) and Definition 5.1 that the sequence {z,}72, is Fejér monotone with respect

to C for all w € €. Since C is a closed affine subspace, we conclude by Lemma 5.9 that the limit

point of the sequence {zy,}72, is 2* = Pexy, i.e., the solution of the following optimization problem:

minimize ||z — xg|
* (5.43)
subject to x1 = T2 = ... = Ty
The optimization problem (5.43) is equivalent to the following optimization problem:
minimize ||z — xol|?
* (5.44)

subject to x1 =22 = ... = Ty
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Indeed, the solution of the optimization problem (5.44) is z* = 1,, ® % > i1 2;(0) which implies
that the sequence {z,}>2, converges almost surely to the average of initial states of the agents.
This completes the proof of Theorem 5.3.

Theorem 5.4: Consider the average consensus problem where W(w*) satisfies Assumptions
3.1, 3.2, and 4.2. Then the sequence generated by (5.38) converges in mean square to z* =
1, ® % >, xi(0) so that Pexy = 1, @ % Yot (0),¥Yn € N.

Proof: One can obtain from Theorem 5.3 and the proof of Theorem 4.2.

The random Krasnoselskii-Mann algorithm (5.7) for consensus problems reduces to the following
algorithm:

n

S %(1 b o)an 4+ %(1 C )W (W) (5.45)
where w € (0, 1). From Algorithms (5.7) and (5.38) and Theorems 5.1-5.4, we arrive at the following
theorem.

Theorem 5.5: Consider the average consensus problem where W(w*) satisfies Assumptions
3.1, 3.2, and 4.2. Then the sequence generated by (5.45) in which @ € [0,1) converges almost
surely and in mean square to z* = 1,, ® % Yot x;(0) so that Pexp = 1,, ® % >t xi(0),Yn € N.

Proof: Almost sure and mean square convergences of the sequence generated by Algorithm
(5.45) where w € (0,1) have been proved in Theorems 5.1 and 5.2, respectively. Almost sure and
mean square convergences of the sequence generated by Algorithm (5.45) where w = 0 have been

proved in Theorems 5.3 and 5.4, respectively. Thus the proof of Theorem 5.5 is complete.

5.1.1.1 Numerical Example

Example 5.1: Consider three agents in the one-dimensional Fuclidean space where Q* =
{G1,G2,G3} in which G; = {},G2{(1,2)}, and G3{(1,3)} with undirected links where the weights
of links are assumed to be Wio = 0.25, W;3 = 0.3. One can see that W;s and W3 are neither
Maximum-degree nor Metropolis weights. W(w*), Vw* € Q* is doubly stochastic, and the union of
all graphs in * is strongly connected. Therefore, Assumptions 3.1 and 3.2 are satisfied. We assume

that G; and Gy occur independently with probability Pr(failure) = %, and whenever Gy occurs
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and Gs did not occur in the previous iteration, Gs occurs after it. Thus the sequence {w}}5° is
not independent and has time-varying distributions. In fact, it has a subsequence {w;j };?‘;O that
is i.i.d. As a matter of fact, according to Borel-Cantelli lemma [215], G; and Gy occur infinitely

almost surely in the probability space (€2, F, P) where

Q=1{G1,Ga} x {G1,Ga} x ...

Therefore, G and Gy occur infinitely almost surely in the probability space (€2, F, 1) in this example.
Thus G3 occurs infinitely almost surely, too. Therefore, Assumption 4.2 is satisfied. Indeed, the
conditions of Theorem 5.3 are satisfied. We choose initial conditions z1(0) = —4, 22(0) = 2, and
x3(0) = 5 for simulation. In fact, the average of agents’ initial states is %Z?:l z;(0) = 1. We
should mention that in the three-dimensional Euclidean space, we have that Pe¢ = [1, 1, l]T where
¢ € {[z1, 72, 23)7 € R3|2y + 22 + 23 = 3}. As a matter of fact, the agents collaborate among

themselves to approach the average of their initial states in such a way that they remain on the

plane {[z1, z2, z3]7 € R3|21 + 22 + 23 = 3} for all n € N. The results are shown in Figure 5.1.
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PN the plane x1+x2+x3=3
states’ route

— consensus subspace

10
) 0 5 g0 1

Figure 5.1 states’ route
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CHAPTER 6. A DISTRIBUTED ALGORITHM FOR DISTRIBUTED
CONVEX OPTIMIZATION WITH STATE-DEPENDENT INTERACTIONS
AND TIME-VARYING TOPOLOGIES

In this chapter, we show that a generalization of the proposed algorithm (4.33) can solve dis-
tributed optimization with state-dependent interactions and time-varying topologies. We consider
the real Hilbert space H = (R™",||.||2) in this chapter. For simplicity we write ||.||2 = ||.|| in this

chapter.

6.1 A Proposed Algorithm

We propose the following generalization of the distributed algorithm (4.33):

Tnt1 = an (@ — BV f(20n)) + (1 — an)((1 = n)zn + W 2y, Gn)xn), (6.1)

where 7 € (0,1).

Remark 6.1: The discrete algorithm proposed in [225] can solve consensus problems for a
special weight form where z; € R,7 = 1,2,...,m. Algorithm (6.1) is able to solve average consensus
problems for weights satisfying Assumptions 3.5-3.6 while it is restricted to diminishing step size.
Continuous algorithms have been proposed in [226] and [227] for solving consensus problems with

state-dependent interactions.

6.1.1 Convergence Analysis

Related to Assumption 3.6, we have the following assumption.
Assumption 6.1: There exists a nonempty subset K C G such that the union of all elements
in K is strongly connected for all z € R, and each element of K occurs infinitely often.

Now we give the following theorem.
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Theorem 6.1: Consider the problem (3.12) with Assumptions 3.5, 3.6, and 6.1. Let each
fi(xs),i = 1,...,m, satisfies Assumption 4.1. Suppose that 8 € (0, 12?55) and the sequence a, €
[0,1],m» € NU{0}, satisfies (a) and (b) of Theorem 4.1. Then the sequence generated by Algorithm
(6.1) globally converges to the unique solution of the problem.

Before we give the proof of Theorem 6.1, we present the following lemma needed in the proof.

Lemma 6.1: Let 7(z,G) := (1 — n)z + 1T (x,G),z,G € G,z € R, with T defined in (3.12),
and 7 € (0,1]. Then

(i) Fiz(T(z,G)) = Fiz(T(x,G)).

(i) <z —T(x,G),x — z >> v — T(z,G)|]?, VzeC,VGeG.

(iii) |T(x,G) — 2| < ||z — 2|, VzeC,VaeH,VGed.

Proof: (i)

Consider a € Fiz(T(x,G)). Thus & = T(#,G). Hence

T(#,G) = (1 - )& +nT(2,0) = %,

which implies that Fiz(T(x,G)) C Fixz(T(x,G)). Conversely, consider a & € Fiz(T(z,G)). Indeed,
& =T(#,G). Thus we have
b ="T(2,9) = (1=ma+nT(&9),

or & = T(&,G), which implies that Fiz(T(z,G)) C Fiz(T(x,G)). Therefore, we can conclude that
Fix(T(z,G)) = Fiz(T(x,G)). Thus the proof of (i) is complete.
(i)
Since z € C, we have W(z,G)z = z. Therefore, we obtain
IT(x,G) = 2|l = [[W(x, G)z — W(z,G)|

< |[W(z, )|z = =]

Since by Assumption 3.5 W (x, G) is doubly stochastic, we obtain from Lemma 3.2 that ||W(z,G)|| <

1. Hence,

1T (z,G) = 2| < [W(z,9)lllz — 2] <[]z — =] (6.2)

www.manharaa.com




66

or

|T(z,G) — z||* < ||z — 2||>,Vz € C,V¥G € G. (6.3)

Also we have

IT(x,G) = 2> = IT(2,G) — & + 2 — z|*

=|T(2,G) = al® + |lz — 2l + 2 < T(2,6) —z, 2 — 2 > (6.4)
Substituting (6.4) for (6.3) yields
2<z—T(2,G),2 —2>>|T(x,G) — x> (6.5)

Substituting © — T'(z,G) = %@g) for the left hand side of the inequality (6.5) implies (7). Thus
the proof of (ii) is complete.
(iii)
We have from (6.2) and z = (1 — n)z + nz that
I1T(2,G) — 2l < (L =n)llz — 2| + 0| T(x,G) — 2|l
< (I =n)llz =zl +nllz — =]

= [lz = =]|.

Therefore, the proof of (i) is complete.
Proof of Theorem 6.1:
We prove Theorem 6.1 in three steps.
Step 1: {x,}5° is bounded.
Step 2: {x,}°2, converges to an element in the feasible set.
Step 3: {x,}5°, converges to the optimal solution.
Now we give the proof of each step in details.
Proof of Step 1:
Since f(x) is strongly convex and C is closed, the problem has a unique solution. Let z* be the

We have z* = ap,z* + (1 — ay,)z*. Therefore, we have from (6.1)
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and T(mn,gn) = (1 —n)xy + nT(zn,Gy) that

[Zn41 — 2% = lan(zn — BV f(20)) + (1 - an)T(fcn: Gn) — |

= ||an(@n — BV f (2n) — &%) + (1 = an) (T (20, Gu) — ).
We obtain from (%ii) of Lemma 6.1 that

low (2 — BV f(@n) = 2*) + (1 = an) (T (20, Gn) — 27|
< agllzy = BV f(@a) = 2| + (1 = an) |1 (@0, Gn) — 7|

< apllzn = BV f(2n) — 2% + (1 — an)[zn — 27|, (6.6)
Since V f(z) is -strongly monotone, and V f(z) is K-Lipschitz continuous, we obtain

l#n — 2" = BV f(2n) = VF(@))|* = |z — 2*|> = 28 < Vf(2n) = Vf(2*), 20 — 2" >
+ BV f(an) = V(")
< o — 27| = 26B]lwn — 2* | + K2B2[|zp — 27|
= (1-268+ B*K?)|w, — 2*|?

= (1=7)?zn — 2|

where v = 1 — /1 — 8(2£ — BK?2), and selecting 3 € (0, 12{—52) implies 0 < v < 1. As a matter of
fact, we have

ln — 2" = B(Vf(2n) = V(@) < (1= 7)llen — 2. (6.7)

We have that

[n = BV f(2n) — 2*[| = lzn — 2" = B(Vf(2n) = Vf(z")) = BV (z7)]|
< [lzn — 2% = B(Vf(zn) = V(@) + B[V f(z")]]
< (L =lzn — 2™+ BIVF ()] (6.8)

Substituting (6.8) for (6.6) yields

IV f( pll

"l < (1 —qag)|lzg — 2| + BV (@) = (1 = yam)|lzn — 27| + yom(————)
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which by induction implies

fons =] < mae{fap — o], 2L
Thus {x,}5°, is bounded.
Proof of Step 2:
From (6.1) and z,, = apzy + (1 — o)y, we have
Tna1 = Tn + @BV f(an) = (1= an) (D20, Gn) — z0), (6.9)
where T(2n,Gn) = (1 — 9)zn + 7T (2, Gy). Hence
< Tpg1 — Tn + an SV f(xn), 2n — 2% >= —(1 —ay) < zp — T(mn, Gn),Tn —x* >. (6.10)
Since z* € C, we have from part (7i) of Lemma 6.1 that
n — T(@n, Gn), Tn — 2* >> ngn — T(2n, Go)||%- (6.11)
From (6.10) and (6.11), we obtain
< Tpg1 — Tp + an BV f(ay), x, — 2" >< —g(l —ap) ||z — T(xn, Gn)|? (6.12)
or equivalently
— < Ty — Tpy1, Ty — & >< —ay < BV f(zp), 2 — 2" > —g(l — )|z — T(zn, Go)|I>. (6.13)

From (4.15) we obtain
N 1 2
<ZTp — Tp41,Tp — T >= — n+1+Cn+§Hxn_$n+1H > (6-14)
where C,, = 1|z, — 2*|?. From (6.13) and (6.14) we obtain
1 *

Chy1—Cp — §Hwn —xp1l]? < —ay < BV (), 20 — F > —g(l —ap) ||z — T(xn, Gn)|* (6.15)

From (6.9) we have
|2ns1 = @al® = || = @BV f(zn) + (1 = an)(T(a:n, Gn) — )|1?

= apllBVF (@) + (1 = an)?| T (20, Gn) — 2l

— 20, (1 — ) < BV f (), T(wh, ) — 2 > . (6.16)
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We know that || 7(2n, Gn) —Znl| = 0|20 —T (20, Gn)||. Since ay, € [0, 1], we have also that (1—ay,)? <

(1 — av). Using these facts, (6.16) becomes
1 o _ 1 5 2 1 2 2
s — 2l < S02 BV F) + 5 (1L~ | T (. Ga) — 2

~

—an(1—an) < BVf(xn), T(xn, Gn) — Tn > . (6.17)
From (6.15) and (6.17), we obtain

1 %
Chy1—C, < §H$n+l - -'En”2 —ap < ,BVf(l'n),:En T >

_ g(l — ap) ||z — T(n, Gn)|?
1
<3~ g)nu — an)|l@n — T2, Gn)|

+ an(Ganll BV S )P~ < ) n — >

~

— (L =apn) < BVSf(2n), T(Tn, Gn) — Tn >). (6.18)

Now we claim that there exists an ng € N such that the sequence {C),} is non-increasing for n > ny.

Assume by contradiction that this is not true. Then there exists a subsequence {C),, } such that
an—I—l - an >0
which together with (6.18) yields

0< an+1 - an

L 7
< (5~ 0 = aw)lza, T, 6o

1 *
+ anj(iang‘ﬂQHVf(mnj)HQ_ < vi(mnj)axnj -z >

~

- (1 - anj) < /vi(xnj)7T(mnj7gnj) — Ty >)' (619)
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Since {z,} is bounded, V f(z) is continuous, and 1 € (0,1), we obtain from (6.19) by Theorem 4.1
(a) that

- L 7
0< 11m1nf(—(§ — 5)77(1 — ap,)||Tn; — T(xnjﬂgnj)||2

j—o0
+ iy (G0, | BV 2 P < BV (), =" >
— (1= an,) < BV f(@n,), T(wy,, &n;) = Tn, >))
<0 (6.20)

which is a contradiction. Therefore, there exists an ng € N such that the sequence {C),} is non-
increasing for n > ng. Since {C,,} is bounded below, it converges.
Taking the limit of both sides of (6.18) and using the convergence of {C),}, continuity of V f(x),

Step 1, n € (0,1), and Theorem 4.1 (a) yield

lim ||z, — T(xn,Gn)|| =0

n—-ao0

or, by ||T(l'n7gn) =zl = nllzn — T (20, Gu)ll,
lim ||z, — T(2n, Gn)| = 0. (6.21)

n—aoo

We have from (6.1) and Step 1 that

~ ~

im ||lzp1 — T2, Gn)l| = anllzn — BV f(2n) = T'(@n, Gn)| = 0. (6.22)

n—-:o0

(6.21) and (6.22) together implies
nh_r{loo [Zn41 — 2| < nli—n>100 |41 — T(xn, Gn)ll + nli_r)noo |2 — T(xm gn)ll =0,

thus the sequence {x,}72  is convergent. From this fact, we obtain by Assumption 6.1, part (i) of
Lemma 6.1, and (6.21) that {z,} 2, converges to an element in the feasible set.

Proof of Step 3:

It remains to prove that nli_l)noo ||xn — 2*|| = 0. We have that

|21 = &> = @i — 2" + @BV f(@*) — anBV f ()]
= lans1 — 2"+ anBVF(@")|* + o3 | BV F (7))

— 20, < BV f(2"), zps1 — 2" + @BV f(2") > . (6.23)
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We have that * = a,2* 4+ (1 — ay,)z*,¥n € N U {0}; using this fact and (6.1), we obtain
|41 =" +an BV f (@)|P = lanlwn =2 =B(V f(@n) =V f (7)) 4+ (1 =) [T (20, Gu) —2"]|I. (6.24)
Moreover, we have
< BV @), wnt1 = 2" + 0V (27) >=< BV (@"), @ni1 = 27 > +oul|BVF (@) (6.25)
Substituting (6.24) and (6.25) for (6.23) yields

[Zn41 = 2** = [&n1 — 2" + BV (@)1 + ai[| BV £ (2) ||

— 20, < BYVF(2*), Tt — 2 + anBYf(2*) >

= llan[zn — 2" = B(Vf(2n) — Vf(2"))]
+ (1= ap)[T(2n, Gn) — 2*]|7
=20, < BV (%), 2p1 — 27 > =} | BV ()|

= apllen — & = BV f(an) = V[ (z*))|
+ (1= )T (n, Gn) — 2|2
+ 20, (1 — ) <z — 2% = B(Vf(20) — V@), T(20n,Gn) — " >

— 20, < BVF(2%), Tpp1 — x> —a2|| BV f ()]
From (6.7), part (4ii) of Lemma 6.1, and Cauchy—Schwarz inequality, we obtain
< n— " = BV () = V@), F@n,Ga) — 2" > (1= ) |an — 22 (626)
From (6.7), we also obtain

lzn = @™ = BV f(xn) = VF(@ DI < (1 =7)|lzn — 2" (6.27)
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Therefore, from (6.26), (6.27), and part (4ii) of Lemma 6.1, we have

[Zns1 —2** = o |an — 2 = BV f(zn) — Vf ("))
+ (1= an)*| T (@0, Go) — 2|
+ 20, (1 — o) < 2y — 2% — BV f () — Vf(*), T (2, Gn) — " >
= 20q < Vf(2"), 2n1 — 2" > —ap||BV f(2")|?
< (1= 2yag) ey — 2"
+an(Vanle, — 2| =2 < BV ("), 21 — a* >)
= (1= ez — 2*|* = yag|lzn — 2*|?
+an(Vaglen —a*|? =2 < BVf(a*), 2y — 2t >).
< (1= yan)[lon — 2|

+ an(72an”$n - m'*HQ -2< /vi(x*);xn—l-l —z* >)

or finally
et =12 < (1200 a4 (2l = B AU I 2072
From Steps 1 and 2, (4.23), and Theorem 4.1 (a), we obtain
nli_r}noo(qﬂan”:cn —z*]? =28 < Vf(a*),znp1 —2* >) <0. (6.29)

According to Lemma 4.2 by setting

an = ||zn — $*”27

bn = yan,

b ('yzanﬂxn — %2 - 28 < Vf(2*), xpe1 — 2° >
=
Y

)7

we obtain from (6.28), (6.29), and Theorem 4.1 (b) that h_r)n |zn — z*||> = 0; therefore, {z,}
n o0

converges to x* as n — co. Thus the proof of Theorem 6.1 is complete.
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6.1.1.1 Numerical Example

Now related to Remark 6.1, we give an instance of average consensus problem in the following
example.

FEzample 6.1: Consider ten agents in a two-dimensional space that wish to reach average of their
initial states. The state of each agent is its location in the two-dimensional space, i.e., x; = [y;, zi]T.

It is known in this case that the cost functions of agents are

fily,2) = 0.5(y — y§)* + 0.5(z — z5)*

where [yd, 25]7 is initial state of agent 1.
The topology of the undirected graph is assumed to be 1 +— 2... <— 10, and the weight of
the link between agent ¢ and j which is assumed to depend on the Euclidean distance of their states

is considered of the form

0.25
Wij =
Yi Yj
L+ - |
Z; Zj

The weight models the gain from j to ¢ diminishing with the distance between the agents. One
can see that f;(y,2),i = 1,2,...,10, are 1-strongly convex, and V f;(y, z) are 1-Lipschitz continuous.
Let Link 1={(1,2)},..., Link 9={(9,10)}, where at each time n, the Link ¢(mod)9 + 1 works.
Thus, the union of the graphs which occur infinitely often is strongly connected for all z € R?V.
Therefore, Assumption 6.1 is fulfilled. Thus the conditions of Theorem 6.1 are satisfied.

We use n = 0.7, a, = HLn,n > 0,8 = ?55 = %, and initial conditions yé = i,zé = 2i for
simulation. The results given by Algorithm (6.1) are shown in Figures 6.1 and 6.2. The error

en = ||zn — x*|| is shown in Figure 6.3. Figures 6.1-6.3 show that the positions of agents converge

to the average of their initial positions.
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1 1 T T T T T T T T T

10 8

variables y

1 i i i i i i i i i
0 0.5 1 1.5 2 25 3 3.5 4 4.5 ]

iteration »10%

Figure 6.1 Variables y of agents in Example 6.1. This figure shows that the variables y
converge to average of the initial positions of variables y.
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variables z
" "
M f=4

-
=

2 i i i i i i i i i
0 0.5 1 1.5 2 25 3 3.5 4 4.5 ]

iteration »10%

Figure 6.2 Variables z of agents in Example 6.1. This figure shows that the variables z
converge to average of the initial positions of variables z.

www.manharaa.com




76

35

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
iteration «10%

Figure 6.3 The error in Example 6.1. This figure shows that the positions of agents con-
verge to the average of their initial positions.
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CHAPTER 7. STABILITY OF STOCHASTIC NONLINEAR DISCRETE
TIME SYSTEMS

So far the random Picard algorithm (4.35) and the random Krasnoselskii-Mann algorithm (4.38)
for finding a fixed value point of a nonexpansive random operator are special cases of stochastic
discrete-time systems. In this chapter, we analyze stability of stochastic nonlinear discrete-time
systems by means of fixed point theory. We show that fixed point theory and the definition of fixed
value point allow us to remove distribution dependency for stability of stochastic discrete-time
systems by using Lyapunov’s and LaSalle’s approaches. We stress from Remark 5.5 that specific
Lyapunov functions cannot exist for stability analysis of some stochastic systems.

Since the consensus subspace is a continuum set, the equilibrium set of stochastic systems (5.38)
is continuum. In a continuum of equilibria, since every neighborhood of a non-isolated equilibrium
contains another equilibrium, a non-isolated equilibrium cannot be asymptotically stable in the
sense of Lyapunov. However, given a system that has a continuum of equilibria, it is natural
to ask if the trajectories go to limit points and if the limit points are Lyapunov stable. These
questions lead to consider properties of convergence and semistability. Convergence is the notion
that every trajectory of the system goes to a limit point. The limit point, which is necessarily
an equilibrium point, depends in general on the initial conditions. In a convergent system, the
limit points of trajectories may or may not be Lyapunov stable. Semistability is the additional
requirement that trajectories converges to limit points that are Lyapunov stable. Several authors
have investigated semistability of deterministic and stochastic dynamical systems [228]-[244], to cite
a few. Nevertheless, in this chapter, we only consider stability, but not semistability, of stochastic

discrete-time systems.
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7.1 Stability of Stochastic Systems

Now consider the following stochastic discrete-time system:

Tip1 = f(wi, o) (7.1)

where f : Q* X R — R is a continuous random map (see Section 2.1), R C R" is a closed set,
and ¢ represents time. We consider (R", ||.||g). Note that R" equipped with any norm is a Banach
space. For simplicity, we write ||.||g = ||.|| in this chapter.

Consider a probability measure P defined on the space (2, F) where

Q=" xPxQ" x...

F=0XoX0oX...

such that (Q, F, P) forms a probability space. We denote a realization in this probability space by
w € Q.

Now we have the following definitions of stability.

Definition 7.1 [245] (Almost sure Lyapunov stability): The equilibrium point z* of System
(7.1) is said to be almost surely Lyapunov stable if Ve > 0, 0 > 0, there exists 0 = (e, g) > 0 such
that ||zo — 2*|| < ¢ implies

P{sup ||z — z*|| > e} < 0.
>0

Almost sure Lyapunov stability is also referred to as Lyapunov stability with probability one.
Definition 7.2 [245] (Almost sure asymptotic stability): The equilibrium point of System (7.1)
is said to be almost surely asymptotically stable if it is almost surely Lyapunov stable, and there

exists ¢ > 0 such that Ve > 0, ||xg — 2*|| < ¢ implies
lim P{sup|lz; —z*|| > e} =0.
—r0 t>T

Definition 7.3 [246] (Mean square stability): The equilibrium point z* of System (7.1) is said

to be mean square stable if Ve > 0 there exists § = d(¢) > 0 such that E[||z; — 2*||?] < ¢ whenever
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Definition 7.4 [246] (Asymptotic mean square stability): The equilibrium point z* of System
(7.1) is said to be asymptotically mean square stable if it is mean square stable and there exists

§ > 0 such that E[||lzo — 2*[|?] < § implies

: _¥([2] —
tim_ B[z, — 2% = 0.

7.2 Stability Analysis of Stochastic Nonlinear Discrete-Time Systems

In this section, we show that with the help of fixed point theory and fixed value point, we can
overcome distribution dependency of random variable sequences in existing results using Lyapunov’s
and LaSalle’s approaches. Now we have the following theorem.

Theorem 7.1: Consider stochastic system (7.1). Assume that f(w*, ) is a contraction random
mapping with constant 0 < k < 1 and FV P(f) # (. Then the equilibrium point z* is both almost
surely asymptotically stable and asymptotically mean square stable.

Proof: Since f(w*,z) is a contraction random map (see Definition 2.3), we obtain for each
w* € QF that

1w 2) = f )l < sl —yll, Vz,yeR.

According to Theorem 2.3, the random map f(w*, ) has a unique fixed point for each fixed w* € Q*.

Since FV P(T) # 0, we have z* = f(w*, 2*),Vw* € Q*. Therefore, we obtain

loser — 2| < K|z — 2], VYw € Q. (7.2)
We have from (7.2) that
i1 — ™| < klloy — 2™ < oy — 27|, Vw e,
or
llxy — 2*|| < ||lxg — x|, Vte€ N. (7.3)

Hence, by setting € = § in Definition 7.1, we obtain

[z — 2] < flwo — 27| <
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which implies that the equilibrium point z* is almost surely Lyapunov stable. We also have
Blllre a1 = [ lior= o |%dP < | flao =[PP = Bllan - "]
Thus by setting € = § in Definition 7.3, we obtain
Bz —a*|%) < Efllzo — 2" < &

which implies that the equilibrium point z* is mean square stable.

We have from (7.2) that
lzir1 — ¥ < & Yzo — ¥, Vw € Q. (7.4)
Taking the limit of both sides of (7.4) yields
tgnoo |xep1 — ¥ < tgnoo T zg — 2% =0, YweQ
implying that the equilibrium point z* is almost surely asymptotically stable. We also have

Blllrs =[] = Jim_ [ ffri =" |PdP < T wlan - 5*|2P(@) =0

which implies that the equilibrium point x* is asymptotically mean square stable. Thus the proof
is complete.

Corollary 7.1: Consider the stochastic linear system
i1 = AWz, wp € Q. (7.5)
If there exists a norm ||.||« such that
[A(W )]l <k, Vw* € QF,

where 0 < k < 1, then the origin is both almost surely asymptotically stable and asymptotically
mean square stable.
Hint: || Az|« < ||All«||x|« where A € R**"™ and x € R™.

gonsider ||.[1,||.]|2, or ||.|lec for [|.||« in Corollary 7.1.
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Remark 7.2: Consider Theorem 7.1 where f(x) is deterministic. Here, we do not assume that
the system is locally continuously differentiable at its equilibrium point.

Theorem 7.2: Consider stochastic system (7.1) where the cardinality of the set Q* is finite
and (R", ||.||%). Let f(w*, x) be firmly nonexpansive random map, and FV P(f) # (). Assume that
there exists a nonempty subset K C Q* such that {2*} = {z]z € R",z = f(®,2),V0 € K}, and
each element of K occurs infinitely often almost surely. Then the equilibrium point z* is both
almost surely asymptotically stable and asymptotically mean square stable.

Remark 7.3: We recall Remark 4.3 here. If the sequence {w,}2, is mutually independent
with >~>° ( Prp(@w) = oo where Pry(@) is the probability of @ occurring at time n, then accord-
ing to Borel-Cantelli lemma [215], the assumption in Theorem 7.2 is satisfied. Consequently, any
i.i.d. random sequence satisfies the assumption in Theorem 7.2. Any ergodic stationary sequences
{wi ooy, Pr(w) > 0, satisfy the assumption in Theorem 7.2 (see proof of Lemma 1 in [49]). Con-
sequently, any time-invariant Markov chain with its unique stationary distribution as the initial
distribution satisfies the assumption in Theorem 7.2 (see [49]).

Proof: Since f(w*,x) is firmly nonexpansive random operator, we have by Remark 2.1 that it

is nonexpansive. Thus we obtain for each w* € Q2* that

1f(w* z) = fwYln < llz = ylln, z,y€R.
Since z* = f(w*, z*), Vw* € Q*, we obtain
ns1 — 2l < llom — 27, Vo €2

Therefore, similar to the proof of Theorem 7.1, we obtain that the equilibrium point z* is both
almost surely Lyapunov stable and mean square stable. From Lemma 4.5 and assumptions of
Theorem 7.2, the equilibrium point z* is almost surely asymptotically stable. Since the sequence
{z4}72 is bounded for all w € 2, we obtain from the proof of Theorem 4.2 that the equilibrium
point z* is asymptotically mean square stable. Thus the proof is complete.

Corollary 7.2: Consider the stochastic linear system (7.5) where the cardinality of the set *

is finitesrAssume thatytheresexists a nonempty subset K C Q* such that {0,} = {z]|z € ®",z =
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A(@)z,V& € K}, and each element of K occurs infinitely often almost surely. If for each fixed
w* € O* either

I) A(w*) — AT (W) A(w*) = 0

or

1) A(w*) = 31, + $A(w*)

for some || A(w*)||2 < 1, then the origin is both almost surely asymptotically stable and asymp-
totically mean square stable.

Hint: Use Definition 2.5 and Remark 2.1.
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CHAPTER 8. CONCLUSIONS AND FUTURE WORKS

In this chapter, we summarize the contributions of this dissertation and give some directions

for future research.

8.1 Contributions of This Dissertation

1- A new mathematical optimization problem based on a new mathematical ter-
minology: We have defined a new mathematical terminology called fized value point and defined
a new mathematical optimization problem (3.1). This problem includes both centralized and dis-
tributed optimization problems. The results have been published and accepted in [247] and [248],
respectively.

2- Centralized robust convex optimization on Hilbert spaces: We have defined robust
convex optimization on real Hilbert spaces. We have shown that this problem is included in the
problem (3.1).

3- A framework for distributed optimization over random networks: Based on the op-
timization problem (3.1), we have proposed a framework for unconstrained distributed optimization
problems over random networks. The results are given in [247]-[248].

4- A framework for distributed optimization with state-dependent interactions: We
have defined a framework for distributed optimization with state-dependent interactions. Then we
have generalized it to give a framework for distributed optimization with state-dependent interac-
tions and time-varying topologies. The preliminary results have been published in [249].

5- A proposed algorithm for the mathematical optimization: We have proposed an
algorithm with diminishing step size to solve the mathematical optimization problem and analyzed

its convergence with suitable assumptions. The results are given in [248].
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6- An algorithm to solve unconstrained distributed optimization over random net-
works: As a special case of the proposed algorithm for solving the mathematical optimization
problem, we have given an asynchronous algorithm with diminishing step size for solving distributed
optimization over random networks that does not require distribution dependency or B-connectivity
assumption on random communication graphs for convergence. The results are given in [248].

7- The random Picard and Krasnoselskii-Mann algorithms for solving the optimiza-
tion problem: We have shown that the random Picard algorithm or the random Krasnoselskii-
Mann algorithm which do not suffer from diminishing step size are useful to solve the feasibility
problem of (3.1).

8- Solving linear algebraic equations over random networks: We have shown that the
random Krasnoselskii-Mann iterative algorithm can be applied for solving linear algebraic equations
over random networks without distribution dependency or B-connectivity assumption on random
communication graphs for convergence. The algorithm is also an asynchronous algorithm. The
preliminary results have been published in [250].

9- Distributed average consensus over random networks: We have shown that the
random Krasnoselskii-Mann iterative algorithm can be applied for distributed average consensus
over random networks without distribution dependency or B-connectivity assumption on random
communication graphs for convergence. The algorithm is also an asynchronous algorithm. We
have shown that the algorithm converges when the weighted matrix of the graph is periodic and
irreducible. The results have been accepted in [251].

10- A distributed algorithm for convex optimization with state-dependent inter-
actions and time-varying topologies: As a generalization of the proposed algorithm for dis-
tributed optimization over random networks, we have proposed an algorithm to solve distributed
optimization with state-dependent interactions and time-varying topologies that does not require
B-connectivity assumption on communication graphs for convergence. We have shown that this al-
gorithm can be applied for solving distributed average consensus with state-dependent interactions

and time-varying topologies.
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11- Stability analysis of stochastic nonlinear discrete-time systems by means of fixed
point theory: We have analyzed stability of stochastic nonlinear discrete-time systems by using
fixed point theory to overcome difficulties that arise in using Lyapunov’s and LaSalle’s approaches

such as distribution dependency of random variable sequences.

8.2 Future Works

Several future research directions based on the approaches of this dissertation are:

- Relaxing strong convexity or K-Lipschitz assumption on the cost function to only convex
function in Assumption 4.1 to propose a distributed asynchronous algorithm which converges with
any convex functions of agents.

- Distributed asynchronous algorithm without diminishing step size for solving least square
problems.

- Relaxing doubly stochastic assumptions to only row stochastic assumption for distributed

optimization over random networks or state-dependent interactions.
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